§ Euler-Lagrange flows
L:TM — R Lagrangian » u:[0,1]] > M

A(U) = j: L(u(t), u(t))dt
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—(u,u)——(—(u,u) =0
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If M is compact > the extremals of A give rise to a complete flow ¢ :TM —TM

called the Euler-Lagrange flow of the Lagrangian -
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Lemma

The Euler-Lagrange equations for the energy E are

X (1) + I (x(0) X (0) X (1) =0
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Where ij :Egl(gj|’k+gk|,j _gjk,l)

1. For 1(x)= J': f(x(t), x(t),t)dt then the E-L equation are %—%(i) =0
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Note that i.(gjk x1X) = g, Xk+gji x! Z%ixj =0
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The E-L equations are ;(gjk x) x)
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Renaming some indices and using the symmetry gix = gri. We get

28emX™ + (Qexj + itk — Zjk. Wwik=0, (=1,..., d,
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And from this g"g, X +§g'(g,k’j+gj,]k—gjk,,)xJ X =0

9" =6 > 50 9"g,, X" =X > thatis X'+, x)x! =0

§ Cartan magic formula Lo =1 dw+d(, o)
FHEHTE R interior product(interior derivatve) » {231 exterior derivative
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Xey(M) wa:a(ﬂa’)hzo

Lydo=dL, o
L (orn)=Liorn+orLin
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X = F—+G—+H2 » volume form dv=dxAdyAdz
ox oy oz

oF oF oF
L dx=d(L,X)=d(XX)=dF =—dx+—dy+—dz
(k= (L) =d(X0) = 0F = Zrdx+ oy +

z > Then
L,dv=L, (dxAdyadz)=(L,dx) Ady Adz+dx A (L,dy) Adz+dx Ady A (L,dz)
= (8_F+6_F+8_F)dv = (divX)dv
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