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1. Ricci Curvature and Volume Dynamics:

o In Riemannian geometry, Ricci curvature influences the
growth of volume in small geodesic balls. Positive Ricci

curvature causes slower volume growth than in Euclidean
space, while negative curvature leads to faster expansion.
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2. Optimal Transport and Wasserstein Geometry:

o Optimal transport concerns efficiently moving mass between
distributions, often using the Wasserstein distance. The
Wasserstein space of probability measures has a rich geometric
structure where geodesics correspond to optimal transport
plans.

3. Displacement Convexity:

o A pivotal concept linking the two is displacement convexity of
entropy functionals. A functional (e.g., Boltzmann entropy) is
displacement convex if it is convex along Wasserstein geodesics.

o Theorem (Lott-Sturm-Villani): A smooth Riemannian manifold has
Ricci curvature bounded below by K if and only if the entropy
functional is displacement K-convex. This means for any Wasserstein
geodesic (ut)te[o,1], the entropy satisfies:

S(ur) < (1= 1) () + 15 (s) = ot(1 — YW (pa, 1),

where W2 is the Wasserstein distance.
4. Synthetic Curvature Bounds:

o This connection allows defining synthetic Ricci curvature
bounds (via the curvature-dimension condition CD(K,N)) for
non-smooth metric measure spaces. Here, K generalizes Ricci
curvature, and N the dimension. A space satisfies CD(K,N) if its
entropy exhibits K-convexity under optimal transport, mirroring
the behavior of manifolds with Ric>K and dim<N.
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5. Geometric Implications:

o Positive Ricci curvature restricts the "spreading” of mass during
optimal transport, reflecting a form of metric rigidity. This is
captured analytically by gradient flow properties of the entropy
and PDEs like the heat equation, where Ricci bounds control
solutions via the Bochner formula.

Significance:

« Bridging Disciplines: This framework unifies differential geometry with
analysis, enabling the study of curvature in singular spaces (e.g., graphs,
fractals) via optimal transport.

o Applications: It has impacted geometric analysis, probability (e.g.,
functional inequalities), and machine learning (e.g., understanding data
manifolds).

In essence, Ricci curvature governs the convexity of entropy along optimal
transport paths, providing a robust, geometric characterization of curvature
that extends beyond smooth settings.
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1. Optimal transport > old and new
2. Birth of Theorem https://www.youtube.com/watch?v=nD6UvYrNoXI
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Derivation of fluid equations via Boltzmann kinetic theory
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