§ Capillary Overdetermined Problem(ZE4H/E 48 2 2 ) in Fluid Mechanics
F AR S (capillarity) [Yuanyuan Lian BEIRHE]

. YVu _ .
div (7\/W) + f(u) =0 in Q,
(1) w=0 on 99,
du =k on 012,
where f is a given C'! function in R, v is the exterior unit normal, & is a constant and

Q c R"is a C! domain. Our main theorem states that if n = 2,k # 0, 99 is unbounded
and connected, |Vu| is bounded and there exists a nonpositive primitive F of f such

that F(0) > (1+ HQ)_% — 1, then Q must be a half-plane and u is a parallel solution.
In other words, under our assumptions, if a capillary graph has the property that its
mean curvature depends only on the height, then it is the graph of a one dimensional
function. We also prove the boundedness of the gradient of solutions of (1) when f’(u) <
0. Moreover we study a Modica type estimate for the overdetermined problem (1) that
allows us to prove that, unless 2 is a half-space, the mean curvature of 92 is strictly
negative under the assumption that x # 0 and there exists a nonpositive primitive F' of

f such that F(0) > (1+ x?)" ? — 1. Our results have an interesting physical application
to the classical capillary overdetermined problem, i.e., the case where f is linear.
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FIGURE 1. The classical capillary phenomenon inserting a vertical plate JLihER S BUEEEZ STAIHE A

in a reservoir of liquid. zxz
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Example
Consider a liquid droplet on a solid surface ° The shape of the droplet is determined by :

1. The Young-Laplace equation (relating curvature to pressure) ©



2. The contact angle at the solid-liquid interface (Young's equation) ©
3. The volume of the droplet (a global constraint) °

If the contact angle and volume are specified in a way that conflicts with the Young-

Laplace equation > the problem becomes overdetermined > and no solution exists that
satisfies all conditions °
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