§ Warped Product(FHERFE)
The warped product is a construction in differential geometry that combines two

Riemannian manifolds in a specific way to create a new manifold °
It generalizes the notion of a direct product of manifolds by introducing a "warping
function” that scales the metric on one of the manifolds(f/LEF & HAE H A4ERER) -

Definition :

Let (B, gp) and (F, gr) be two Riemannian manifolds, and let f : B — R" be a smooth positive
function on B. The warped product M = B x; F is the manifold B x F equipped with the metric
g defined by:

9=959 fgr

This means that at each point (p, g) € B x F, the metric g is given by:
9(pg) = (QB)P & f(p)z(gF)q

WAlEst - AERE F ERYEER g H2erE f ARE4EHT -
Here:
1. Qg is the metric on the base manifold B
2. Qg is the metric on the fiber manifold F
3. f is the warping function(HHH e&#5) » which scales the metric on F depending
on the pointin B °

Example

A classic example of a warped product 18 the Schwarzschild metric in general relativity °
which describes the spacetime around a spherically symmetric mass ©
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(Schwarzschild Metric) B(ffhHE152-EER-28{0 -7 A5 (FLRW) JE -

» % B=(R,—dt?) BEEH  F = (S !, g1 ) BIZERE - WHHHMHE f(¢) = a(t) -

g = —dt* + a(t)*gsn

1. The baseBis the(t,r)-plane (time and radial coordinates)
2. The fiberFis a 2-sphere S*
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3.

The warping function f(r) depends on the radial coordinate r and encodes the
gravitational effects

HIHERIT B+ HIhARITIE o] DAYRAR R BRI MAE R 7y > 48 TR
1k -

HRMEE © ORISR [Riccl HHZR ~ FEEM) AR AR
(HESVSEHGHIEG (G e Sz

FEF : fEEFA S - REKMARIY o HEZ M - BIE sk
S PR T B T B R

EMEGE ZFTLSRA - R REieft 7 e FREZERRY & ey J5E > IH
o P25 S M T RS o] DA b o 0 B A3 R B A e S LA e By T



