SR FRAEHTE (divergence)

AR PR B © BEREADER Stokes EHE [ do=] o -
1E RN o+ BRI R (L - B9k [ V-FdV = || Fends

aE
I HEBE - divE = lim —”E ndS_ v, &,

8y82

2. Differential form > Q& R® HAYHEFLEIE, » o = Pdy Adz+Qdz A dx + Rdx A dy

oP 6Q

Hide ( ay + —)dx ~dy Adz 7 £y divergence ©

HrfdxAadyAdz 2 volume form » A] & divergence gt & AIfERARR -

3. HFIY LBUEERE [ <W,n>dS=[ (divw)dM - n e FEIsMTE
Rk - KU 810,335 iEFHABLE B Stokes FEHEL 54 -

8 f i 8 f
('J¢2 da:dy f)ﬂ)z
_ Vs af Vs i Vs af
HBSS(f) o dyda d_zjﬂ dyd_
8° af a°f s af
0z0z dz0y 022

. o*f  0*f  Of
Af =tr(Hess(f))=div(gradf) = + +
(Hess(1)=div(gradf) = =7+ 7+

Laplacian of {

Divergence Theorem

Let M be an oriented Riemannian manifold with boundary 1M, and let X be a smooth vector field

on M with compact support. Then:

fdideV— (X,N)ds,
M aM

The flux of X through OM 1is the integral of < X,N > over oM -

Where divX is the divergence of X > defined as the trace of the covariant derivative of
X » orequivalently L,dV =(divX)dV > divXdV =d(,dV) > divX =tr(VX)
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N is the outward unit normal vector field along oM

Applications:

» Conservation laws (e.g., mass, energy in physics).

* Green's identities and analysis of the Laplacian.

* Geometric analysis and PDEs on manifolds.

Covariant derivative of a 1-form @

V, 0= Z(Xw Z:l“"X‘a)k)dxi BNV ,0,=0,0,-T, 0,

Cartan magic formula Lyo=1,do+d (i, ®)

FIFE8AY interior product L1{a] #E &L

1, (Ax, AOX,...AOX,) = Z:(—l)r‘lxrdx1 A AOX AL AOX,

r=1

ST dx, T dx, 28 -

B — BRI A e T

TR S0 - [HEE X AVEUE (divergence) &2 Ha2R {57 LS

(Levi-Civita connection) 3KEFEHY °

B > B ESE R ¢ div(X) =V, X!

Flan W=(x+2y,4x+3y)

. .0 0
divWw =VW' = —(x+2y)+—(4x+3y) =4
: 5 (x+2y) ay( y)

53— {8 FRTIZ By div(X)
FES? B -

ds® =r’d@” +r’sin’ 6d¢® > g :(

r.2

0

H5E X =X"(6, ¢)—+X¢(9 ¢)—¢

1 .
=5, lglX") > Hth g =det(g,
N NET g =det(g;)

0 .
rzsinzé’j g =rsin”0

div(X) = \Fae(( X %)+ (fx¢)] Jlgl =r?sing



p 2 [ AAS £ H 1 a -
RAGTE - B div(X) =——(inOX ")+ ——
sin@ 00 sin

FILIEL X% =sin@, X? =cos¢  HIdiv(X) :2c039_5iLz

Sin

X EAES® E{FE Killing field » Al div(X)=0

2-sphere Y Killing [A 855 7] UG (EEEKERVEEA ROT (BIA0TEsEtE ) -
PSS TR A & B B¢ TSR ) BT R - NILHER R B R
HAURERY > B BLA AL 24T ERAIUIGRR (Simfs) S ERAvIEE —% -

Killing vector field /2 V, X +V,X* =0 » div(X) =V, X'

u=v XA Killing equation > V,X* =0 ALk div(X)=0

FAE S FHL— Jacobi field J(t)
2
SIS 89 Tacobi field JOE 2

dt?

+R(J,7)y =0

- L N ) ) . . D%
HY B A7 BR A {5 EL 2R By K=1 » Jacobi equation %% e +J=0

J(t) = Asint + Bcost Hrt A,B IR EF & -

1. Jacobi ZEERIMGRRZE
Jacobi 1B # R i &7 i 2 RV EP B U0 o 1L - NSRS EERIH AR A0 FERR ol 82 8Y - Jacobi IBRIEIUE W
ORIR AR "B o TWER L HEE -

2. SEEIRE LWER
£ S EREMERTLE - LA Jacobi BEHE LA KB B24E0 - BEmM= - HWRE
R R=E :

_ d
div(J) = o (log det(d exp.)))

HIKAMS - Sk 7 AR ( geodesic sphere ) FIAE TR BEFEE &L -

S2:ds? = d? +sin’ Odg? ZEHL I () = f (t)a—agauﬁgqu%,

div(J) :ﬁé(sin 01 (1)

5 1(t) Ky cost B sint FHAYHYfE - RIIo] DUE A SIS I BAGIE 2 G 1E 0 s
b e

—f&IfI S » Jacobi field 7F S* L EAIFEHUE - 12 S0 T I ARAEER A I PSR
SEHIAE -



