§ symplectic forms

A symplectic form @ on avector space V

w:VxV >R
1. Skew-symmetric
2. Non-degenerate if w(v,w)=0for YweV thenv=0

And (V,w)is called a symplectic space

There exists a basis €,e,,...,¢,, f f  such that
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o(e,e)=o(f,, f)=0 and w(e,f)=3,
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Definition

Let (V,w) be asymplectic space > then for any subspace W of V

1. Wisisotropicif a(w,w,)=0 for Yw,w,eW
Denote W” by W? ={veV :@w(w,v)=0,YweW} - itis easy to see that W
is isotropic <W cW*

2. Wi is Lagrangian if W is an isotropic space of maximal dimension

Definition

Let (V,w),(V' ®") be symplectic vector space °

¢:V —>V' suchthat w'(¢(u),s(v))=w(u,v),vu,veV isa linear isomorphism
In other words ¢'w'=w

Thenwesay (V,w), (V' ®") are symplectomorphic

Definition

A symplectic form on a manifold is a differential 2-form @® on M such that

1. @,:T,MxT M —R issymplectic VpeM

e . 1
Y EHUS SRR 2 0= odx Adx

non-degenerate det(w;) =0

2. o isclosed
Then (M,w) is asymplectic manifold
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FET'N B 2 {p.,q'}5] A— regular 1-form 9:2 pdg' e A'(M)
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il A particle (X, X,,%;) moving inR® with momentuM =T*Nm (p,, p,, p,) °

Suppose the energy function H(x, p) = 2i| p|2 +U (x) > where U(x) is the potential
m

d*x
energy function satisfying m o -VU (x)

Then we have the following Hamilton equations

dx; oH

dt op,
dp, oH
at o ox

In classical mechanics > solving Hamilton equations is equivalent to solving the Euler-

Lagrange equation of the Lagrange L °

Let our symplectic manifold be R® with coordinates (X, %,,X;, By, P, Ps)

Then o= dei Adp,

acT'™ » z(x',p)=(x)

v:dei(v)§+dei%eTa(T*M)



0 Q' (T'M) isa 1-form given by 6, (v)=a((dx),(V))
Then (07, ()= 30 (v)%

6,(0) =a((dn), (1) = X pX (T ()= ) = X pae' (1)
0= z p,dx' is a regular 1-form

w=d0= dei Adx' is a 2-form called canonical symplectic form on T*M

(55 local coordinates 5 {p,,q'}, HI6=) pdg’,@=d6=> dp Adq')

Proposition
The canonical symplectic form o is closed and nondegenerate °

Moreover @" =wA...A@ isavolume form
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w1 x(M) > AY(M)
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X:f g—)—lxa):—a)ﬁgdxj

i.e. u(X)=—i,0=-a,&dx]

Proposition

The Hamilton equations are the equations for the flow of the vector field X,
satisfying 1(X,)o=-dH

Proof

The Hamilton equations yield the flow of the vector field

~"op, ox'  ox' ap, :
Therefore

i(Xy)o= i(XH)Z(dpi ®dx' —dx' ®dp,)

oH i oH
=5 - dx - dp,) =—dH
Do O o)



Definition
The Hamiltonian flow generated by F e C*(T"M) is the flow of the unique vector

field X. € (T°M) suchthat i(X;)w=-dF

Proposition
Hamiltonian flows preserve their generating functions < i.e. X-F =0

Proof
XeF=dF(X:) =((Xp)o)(Xp)=—a(X:, X:)=0 as o isalternating °

Proposition
Hamiltonian flows preserve the canonical symplectic form °

If ¢:T°'M ->T"M is a Hamiltonian flow then ¢’w=w
AR AEFP (M, 0) L (REpEEmERAVIRES /NEROT X € x(M) 8 R 1)

=5 e Lyo=0(di,0=0 ie. i,o isclosed ° )

% —lyo=df >

HERBIFEM o HERK 2 TR, (10.4)5NBH 1 K 1 1 XA RR S, 77
MBS o' X FRE LR B f€ F(M), Bt

pl: df € A'(M) —~ X, € AM) (10.9)
mES X, = o (dOFAREBERS, R
—ixw =df (10.9a)

BATMEESERLRAER, RZA—E. ST, M EWRHUEFRG, RZ
A—3E. i Ham( M) RAFERE LA WMEBRGES, U LSRR
Ham(M) C Sym(M) C 2{M)
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Liouville theorem

Hamiltonian flows preserve the integral with respect to the symplectic volume

form -

@ :T'M —=T"'M is a Hamiltonian flow and F eC*(T*M) is a compactly

supported function then j Fop = I F
M

"M

Proof

(Dt*a) =w



o (@) = (P w)" ="

[ Feo= | (Fep)a’= | (Fop)y (@)

M M M
= [ @(Fo)= [ Fo'= [ F
M M M

Poincare recurrence theorem



