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§ symplectic forms 

A symplectic form   on a vector space V 

:V V R  →  

1. Skew-symmetric 

2. Non-degenerate    if ( , ) 0v w = for w V   then v=0 

And ( , )V  is called a symplectic space 

 

There exists a basis 
1 2 1, ,..., , ,...,n ne e e f f  such that  

( , ) ( , ) 0i i j je e f f = =  and ( , )i j ije f =  

 

Definition 

Let ( , )V   be a symplectic space，then for any subspace W of V 

1. W is isotropic if 
1 2( , ) 0w w =  for 

1 2,w w W   

Denote W   by : { : ( , ) 0, }W v V w v w W =  =   ，it is easy to see that  W 

is isotropic W W    

2. W is Lagrangian if W is an isotropic space of maximal dimension 

 

Definition 

Let ( , ), ( ', ')V V   be symplectic vector space。 

: 'V V →  such that '( ( ), ( )) ( , ), ,u v u v u v V   =    is a linear isomorphism 

In other words '   =  

Then we say ( , ), ( ', ')V V   are symplectomorphic 

 

Definition 

A symplectic form on a manifold is a differential 2-form   on M such that 

1. :p p pT M T M R  →  is symplectic p M   

在流形上取局部座標系 
1

2

i j

ijdx dx =   

non-degenerate det( ) 0ij   

2.   is closed 

Then ( , )M   is a symplectic manifold 

稱為 M 上的辛結構。 
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例 10.1 

相位空間(configuration space)N 的餘切叢M T N= 對於物理應用而言是最重要

的。 

在T N 座標系{ , }jip q 引入一 regular 1-form 1( )i

i

i

p dq M =   

則 2 ( )i

i

i

d dp dq M = =   給出 M 上的辛結構。 

稱為 symplectic potential。 

在經典力學中 N 稱為相位空間，M 稱為哈密頓體系的相空間。 

{ }ip 為廣義座標，{ }iq 為對偶的廣義動量。 

 

例 10.2 李群的餘伴隨軌道 p.310 侯 

 

例 10.3 複投射流形 Kahler 流形 

 

例 A particle 
1 2 3( , , )x x x moving in 3R  with momentu M T N= m 

1 2 3( , , )p p p 。

Suppose the energy function 
21

( , ) ( )
2

H x p p U x
m

= + ，where U(x) is the potential 

energy function satisfying 
2

2
( )

d x
m U x

dt
= −  

Then we have the following Hamilton equations 

i

i

i

i

dx H

dt p

dp H

dt x


= 


 = −

 

 

In classical mechanics，solving Hamilton equations is equivalent to solving the Euler-

Lagrange equation of the Lagrange L。 

Let our symplectic manifold be 6R  with coordinates 
1 2 3 1 2 3( , , , , , )x x x p p p  

Then i i

i

dx dp =   

 

T M  ， ( , ) ( )i i

ix p x =  

( ) ( )i

ii
i i i

v dx v dp T T M
x p



 
= + 

 
   
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1( )T M   is a 1-form given by ( ) : (( ) ( ))v d v   =  

Then ( ) ( ) ( )i

i
i

d v dx v
x




=


  

( ) (( ) ( )) ( ( ) ) ( )i j i

i ij
i j i

v d v p dx dx v p dx v
x

   


= = =


    

i

i

i

p dx = is a regular 1-form 

i

i

i

d dp dx = =   is a 2-form called canonical symplectic form on T M  

(註:若取 local coordinates 為
1{ , }i n

i ip q =
 則 ,i i

i i

i i

p dq d dp dq  = = =   ) 

 

Proposition 

The canonical symplectic form   is closed and nondegenerate。 

Moreover ...n  =    is a volume form。 

 

由於為非退化，故可在切場與餘切場之間建立一對映關係 
1: ( ) ( )M M  →  

i i j

X iji
X i dx

x
   


= →− = −


 

i.e. ( ) i j

X ijX i dx   = − = −  

 

Proposition 

The Hamilton equations are the equations for the flow of the vector field HX  

satisfying ( )Hi X dH = −  

Proof 

The Hamilton equations yield the flow of the vector field 

( )H i i
i i i

H H
X

p x x p

   
= −

   
 ， i

i

i

d dp dx = =   

Therefore 

( ) ( ) ( )i i

H H i i

i

i X i X dp dx dx dp =  −   

       ( )i

ii
i i

H H
dx dp dH

x p

 
= − − = −

 
  
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Definition 

The Hamiltonian flow generated by ( )F C T M   is the flow of the unique vector 

field ( )FX T M   such that ( )Fi X dF = −  

 

Proposition  

Hamiltonian flows preserve their generating functions。i.e. 0FX F =  

Proof 

( ) ( ( ) )( ) ( , ) 0F F F F F FX F dF X i X X X X = = − = − =  as   is alternating。 

 

Proposition 

Hamiltonian flows preserve the canonical symplectic form。 

If :t T M T M  →  is a Hamiltonian flow then    =  

換句話說 在辛流形 ( , )M  上 保辛結構變換的無窮小生成元 ( )X M 稱為辛向

量場，滿足 0XL  = ( 0Xdi  =  i.e. Xi   is closed。) 

假設 
Xi df− = ， 

 

哈密頓向量場一定是辛向量場，反之 不一定成立。 

 

Liouville theorem 

Hamiltonian flows preserve the integral with respect to the symplectic volume 

form。 

:t T M T M  →  is a Hamiltonian flow and ( )F C T M   is a compactly 

supported function then t

T M T M

F F
 

=   

Proof 

t   =  
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( ) ( )n n n

t t     = =  

( ) ( ) ( )n n

t t t t

T M T M T M

F F F     
  

= =    

       ( )n n

t

T M T M T M

F F F  
  

= = =    

 

 

Poincare recurrence theorem 

 

 

 


