§ Clifford and Lie algebra

8.1
1.

Show that the vector space R*forms an algebra when provided with the vector

product °

F & — (&5 (field) > P8 F-algebra A Fi&

(1) A £ F /& —{& vector space

(2) A &l ring - BAEERE JECE

(3) HHZME A(asb) = (1a)+b = a«(ib)

=AY vector product FEHYEYME °

Show that 1t 1s a Lie algebra °

& Lie bracket FEFR RYMEX, y]=xxy Zhd

(1) EEaiE

(2) [

(3) Jacobi A ZF =, Jacobi identity [x * [y * z]J+ly * [z * x]]+[z * [x * y]]=0
ax(bxg=(a g b{a
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R? B[ LLA Lie algebra HY4EHS

(1) E#E[u,v]=0 HFTEUVeR® & Abel 458 - HIEFFHF -
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3. Determine the structure constants of this algebra

{E/%gﬁ{elyegyeg}% RSE@*%%ZIE% ’ Eu[ejlek]zej xe, =gjkm ’ J v ko m=1a2s3

B &, BLE K932 Lie algebra FVAEREH Y -
8.2
Consider the operators Q=X,P = % acting on functions of the real variable x °
1. Calculate the commutator [P,Q]
0 0
P,Q]f (X)=—xf (X)—x— f(x) = f (X
[P, QIf () v (X) ax() (X)

FrLAP,Ql=1

2. Consider the commutatior as the Lie bracket > show that the vector space with the
basis {1,P,Q} 1s a Lie algebra °
i5{l Lie algebra f§ RiB AR (\#n, - HE T NEIEEELAT -
3 AR E R 3 4Rt {p, g, 38R » TRE
[p.al=2[p,2]=0,[0,2] =0 - E4# p,q FJLABEAE Ry EFIENEHLT
ZeHiot (BprETEES ) -

0 a c
ER 7, =40 0 bl:abceR
0 0O
010 0 0O 0 01
EP=/0 0 0[,Q=/0 0 1|,R=|0 0 O
0 0O 0 0O 0 0O

AI[P,QI=Z » [P,Z]=0 > [Q,Z]=0

FERTHED B BB X MESEEG p  [X, pl=ik]

N NS 6 ;\( LA
ﬁz = =—,0=—F+,2= | \I ,al=z °

MBI EEE R H, = ,a,b,ceR
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P+Q Q-P
3. Set a= al = » calculate the commutator [a,a’
2R e



The operators @ and a' are called respectively boson creation and
annihilation operators. They are introduced naturally during the so-
lution of the Schrodinger equation for the harmonic oscillator, the
solutions of which form a representation of the operators a and a' in
Hilbert space.

BT a,a" oy BIfE BB O Iy 4 R EFFELTERELT -
[a,a’']=1[a,a]=[a,a’']=0

EAHENE 28 FRERT

- BEBEEY : H = hw(a'a + 1)

- IBEX 2 =4/ (a+al)
« HEET :p =i/ 2 (a —a)

BN S% [a,al] = 1RET [z,p] = ih-

Consider a set of operators Q, and P operating on some independent variables
X, ° Find the commutation relations for the operators & and a' associated with

each varibles °

Consider two operators a,,a, ° Show that the operators
1 oL .
J,=a/a,J =ala,J, = > (a/a, —aja,) form a realization of the Lie algebra

su(2) °

. . O; 0 . 0 —iO_2
Show that the following matrices y; = A=123,7,=|.
0 o ioc, O

where the o; are the Pauli matrices > are able to serve as generating elements of a
Clifford algebra °
The generating elements of a Clifford algebra have to satisfy the conditions

VivitVivi ={7i’7/j}: 25ij with 1, =0,1,2,3

oo, +0,0,=0 for i# ]

Similarly » {yg,7}=0 fori=1,2,3 5 (o)’ =1 fori=0,1,2,3



We can varify yy; +7;7 ={r,7;}=26; with1,j=0,1,2,3

2. Determine the basis elements of this Clifford algebra °

8.4

Let there be n Hermitian operators «; satisfying the Clifford algebra relations
a0 +ao; =20 °

1 . 1 . 1 .
Set a =§(0{1+I0{2),af =§(ozl—|o¢2),a2 :E(oc3 +ia,) > ete

Calculate the anticommutation relations {a i ak}

We obtain the following anticommutation relations by taking account of
the Clifford algebras relations, that is,

{a,-, aj} = U, {0‘4'1, ajf} = 0, {ai,af} = (‘J}'j.

These anticommutation relations are those realized by the fermion creation
and annihilation operators in quantum mechanics. They are the operators
associated with particles having half-integer spin. Mathematically, they ap-
pear as the artefacts of a Clifford algebra.

8.5
This exercise allows us to introduce the relation between the Pauli spinors and

quaternions °
1. Let 1,1,3,k be the basis vectors of the quaternion algebra ¢ Recall the properties of

these vectors ©

2. Quaternions can be written q=W+Xi+Yyj+2zk
Set w=w+2zk,¢=-y+xk o Show that g can be written in the form

q=vy—j¢
3. Consider a quaternion U=a+ SK > and write l]:a—ﬂk o Let o=y, —jd °

Show that the product @,q can be put in the form 0,0 =w;, — jé > where the

quaternions y, and ¢ are functions of v,d,w,, v, ¢, °



. : : _ 1 . . .1
4,  Consider the following rotation quaternion 0, = COSE 0—(iL + jL, +KkL;)sin 5 0

which can be associated with a rotation in three-dimensional space through an angle
@ about an axis along a vector L with components L, L,,L; ° Let

0,9=v,— j¢, ° Calculate w, and @, as afunction of the rotation parameters °

5. In the expressions obtained in the preceding exercise replace k by v=1=1i - and

show that the vector 77 = (y;j transforms under a rotation given by 0, as a two-

component Spinor °

. . 01 0 -i 1 0) . ]
Pauli matrices o, = 10 O, = 0 O, = 0 _ /%Egigj:é‘ijl+|gijko'k

Quaterinions q=a+bi+cj+dk
i’=j’=k*=ijk=—1"ij=k, jk=iki=j - KK¥EFH ji =i
Pauli FEPEFZFEIUTEHY — RS

i=-io,, j=-o, k=-ic, GEMEMALTESM @ fldli=-io, FH—{#iZMHT

i EHi=-1)

ij = (-io)(-io,) = ~0,0, =-ic, =k

Pauli spinors & 47 R EIERE - &Y SUQHIYTRRZER] -
SUQ)H 2% 2 FAEIR R - U :(a“d _b“C]

b+ic a-id

(SUQQ)Z Pauli spinors FYSEHAEF)
B VUITE g =a+bi+cj+dk fiE a® +b® +c® +d* =1 H[¥HER| U > SfEEHEE
T BT SUQ)ZE SOQ)HEEE -
EETFHEP . Paulispinors x = (Zl) e FE SU2) Eia - BFt SU(2) EE 11 quaternions [E48 -

2
quaternions o] HAEHM spinors RIfiEE - SEEH - — (B8 quaternion g ¥IE—{E e E(F - FARR
spinor LAAERFEMSEE -

AT - A ERSTED . BEEEEMA Pauli M SUR) Fo~ - B4 quaternions ffE 7 HEGR/DHIEE
- BEEEerEy BN EgEEDAER -



