§ Exercises
IS R ENEE - 1F p.29~p.33 [Spinors in Physics]

X=y§ +y'¢
1.1 Consider a unitary spinor (y,¢) definedby {y=i(w¢" —yw'¢) > where (x,y,2)is a
Z=yy’ — ¢

point M of three-dimsional space °
(1) Show that the point M(x, vy, z) lies on a sphere of unit radius °
As the spinor is unitary we have ywyw" +¢¢ =1

X+ Y+ 22 =(pd" +y ) —(wp" — v ) + (wy — g9’ ) = (wy" +9g7)* =1

(2) Consider the following transformation U
y'=ay +bp ¢'=—by+a'g
Where a and b are complex parameters satisfying aa“+bb* =1
Show that the matrix M(U) of this transformation 1s unitary °©

A matrix M(U) is said to be unitary if MU)MU) ' =MU) MU)=1

M(U):(_a

b
b a*j As the adjoint matrix is the transpose of the congugate(FL#E{£#E

H) > we have M(U)T:(a* _b] ;
b* a

it is easy to verify that MU)MU) =M U)'MU) =1

(3) Show that the transformation U takes a point M(x.y.z) of the unit sphere into another
point M'(x',y',z") of the same sphere

wy +¢¢" =1 and aa”+bb’ =1 - then

vy +¢'9" =(ay +bg)(ay +bg)" +(-by +a'g)(-by +a'g) =..=1
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(4) Show that the transformation which takes the point M(x,y,z) into the point
M'(x",y',z") on the unit sphere is a rotation R in three-dimensional place °

Gy
y'=i(y'g -w ) XPayiezt=(py g 9" =1 wyt +gg =1
2'=y'y"-¢'¢"

The transformation on the coordinates 1S linear and norm-preserving > which corresponds
to a rotation in three-dimensional space °



This 1s further supported by the fact that the spinor transformation is an element of
SU(2) > and there exists a homomorphism from SU(2) to SO(3) > the group of rotations in
three dimensions °

Thus  the transformation that takes pointM(x,y,z) to M'(X',y',z") is a rotation.

(5) Show that two transformations U ans - U correspond to every rotation R in three-
dimensional space °

The point M = (z,y, z) is defined in terms of the spinor (1, ¢) as:

T=9¢" +¢'¢, y=i(yYd —¢v°P), z=vYy"—o¢"
This can be expressed using the Pauli matrices o, 0y, 0. as:

M = S8,

where S = (Ti) and o = (0,,0,,0,).

The transformation U is given by:

V' =ap+bp, ¢'=-bY+a’d,

with @ and b complex parameters satisfying aa” + bb* = 1. This defines a unitary matrix U =
(_C;J* f*) inSU(2), sincedetU = 1and UU' = I.
After applying U, the new spinor is 8" = U .S, and the new point M’ = (2', ¢/, 2') is:

M =8"¢8 = (US)a(US) = SUcUS.
For U € SU(2), the conjugation UTaU corresponds to a rotation R in SO(3) such that:

U'eU = Ro,
where R is a 3x3 rotation matrix. Thus:
M' = S'"RoS = R(S'6S) = RM,

so M' is the rotated vector.



If U is replaced with —U, then:
(-U)le(-U)=UloU,
since the minus signs cancel. Therefore, both U and —U vyield the same rotation R.

Thus, for every rotation R in three-dimensional space, there are two spinor transformations U and

—U that correspond to it.

1.2 The lines with coefficient equal to i of a plane referred to two rectangular axes are
called 1sotropic lines

TEPE AT (R ZZE R ds® =t - X —y* - 2° 1 » B — R FAUEE

ds®> =0 FBELE isotropic line © (X F# null line - lightlike line ) For "%+ | AYIE

s HE SRR AE -

(1) Write down the equations of the isotropic lines in a plane xOy °

=& ZRER Q(z,y) isotropic line 5723
—mRIEN az® + 2bxy + cy? a -+ 2bk + ck* =0
[FaE 2 +1y° =0 y = +iz
EmeFE 2 -y =0 y=+tzx

(2) Show that the angular coefficient of an 1sotropic line 1s invariant under every change

of axes of rectangular coordinates °

(3) Let M, =(x,Y,),M,(X,,¥,) be two points of the same isotropic line ° Show that

the distance between these points 1s zero °

(4) Let a vector X=(x,y) lie along an 1sotropic line ° Determine the length of X °

X=y¢ +y’¢ B
1.3 Acoording to relations <y =i(wg" —y @) > the vector OP =(X,Y,2)
Z=yy —¢¢

Using the components of the spinors (¢, ¢) and (¥*, ¢*) put into matrix
form, write down the components of the vector OP in the form of products
of matrices using the Pauli matrices.



