§ Representations of Lorentz Groups

EXERCISE 6.1
To the four-vector X = (z°, z!, 22, 23) of Minkowski space we make corre-
spond the matrix xy = x*0;, where o; denotes the Pauli matrices.

1. Write the matrix x explicitly and calculate the inverse correspond-
ence.

2. Calculate the scalar product (X, X) as a function of x.

3. Let A be a matrix belonging to the group SL(2,C). Determine a
transformation which preserves the scalar product of four-vectors.

4. From this deduce that there exists a Lorentz transformation A4 cor-
responding to the matrix A.

5. Show that there exists a homomorphism between the groups SL(2, C)
and SO(3,1).

EXERCISE 6.2
The infinitesimal matrices Y;; of the group SO(3,1) are given by (6.1.9).

1. Calculate the commutators [Yoz, Yo1], [Yi2, Yo1], [Yo2, Y12|-

2. Compare them with the commutation relations of SO(3).

EXERCISE 6.3
Consider two spinors (1!,1?) and (¢!, $?) of four-dimensional space.

1. Show that the product (¥'¢? — ¥2¢') is invariant under all trans-
formations of the group SL(2,C).

2. In order that the product ('¢? — ¥2?¢!) may be written in the clas-
sical form ¥*@;, of a scalar product, determine the expression for the
‘covariant’ components ¢y as well as the components of the fund-
amental tensor.

EXERCISE 6.4

Consider two Cartesian frames of reference Ozyz(t) and O'z'y’z’(t") which
are moving with respect to each other at a speed v along the axis Ox
parallel to O'z’.



1. Recall the formulas for the Lorentz transformation between two re-
ference frames. Set

ct = a:‘o, r=2x°, Yy =zx*, ,
o =1 (6.4.26)

Set
v=(1-p%)"12

Calculate the matrix of the Lorentz transformation between the two
reference frames.

3. Show that we can, indeed, set

~ = cosh g, ~B3 = sinh ¢.



