§ Virabting Drum [Spec005-3WaveEquation]
Uxy):R, xQ—>R

U,-a’AU =0 U|,,=0
Let u(t,x,y)=T(Ou(x,y)

{—Au =AU
U|n=0

The Dirichlet problem usually can not be explicitly solved °
However - for certain geometries — for example > for a rectangle or for a disk — that
could be done by using once again the separation of variables °

Let Ry p = (0, @) x (0, b) be a rectangle with sides @ and b. Show that
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), k,m=1,2,..., (r.r)
are the eigenvalues of the Dirichlet problem (1.1.9)—(1.1.10) on Ry p, and the corresponding
eigenfunctions are given by

D kn . mn
U (x,y) =sin ?x sin ?y. (r.riz2)

Prove that these functions form an orthogonal basis in L*(Ryp).

§ Problem for a disk [PDE701Harmonic]

—Au=Au subject to the Dirichlet condition U|,,=0 or Neumann condition

ou
_| r=1 = 0
or
Switch to polar coordinates (r, ¢)
”# 10 1 o o . .
A=—+ —— for the Laplacian in planar polar coordinates * and looking the

__+_
or’ ror r’ogp°
solutions in the form u(r,@)= > u,(r)e™

Solution Summary -
1. Dirichlet problem

Ann =(jm,n)2 » where J,, isthe n-th positive zero of the Bessel function J,,(X)

for m=0,1,2,3,...and n=1,2,...
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» Eigenfunctions:
= Form = 0:ug,(7,60) = Jo(jonT)

= Form > 1:
’U,Si)n(i", 9) = Jm(jm]nr) cos(m@),
uln (r,6) = I (Gmnr) sin(mb).

Each eigenvalue /\LE,)L has multiplicity 1 if m = 0 and multiplicity 2 if m > 1.
2. Neumann problem

> Eigenvalues:
= AV = 0 (multiplicity 1),
- )\[(]“‘\;) = (jl!n)z forn=1,2,3,...,
= A = ()2 form =1,2,...andn = 1,2,3, ...

Here, ji1.n is the n-th positive zero of Ji (), and j}, , is the n-th positive zero of £.J,, ()

> Eigenfunctions:
= For A = 0:ugo(r,0) = 1 (constant function),
= Form = 0,n > Liug,(r,0) = Jo(jin7),
= Form>1,n>1
ug)n(r, 0) = Jin(dr,..r) cos(mb),
ug)n(fr, 0) = (g, 7) sin(m8).
Eigenvalues A‘({:;) (n > 1) have multiplicity 1, and )\T(HVT); (m > 1) have multiplicity 2.

Let us describe the eigenvalues and eigenfunctions of the Dirichlet and Neumann prob-
lems in the unit disk D. Switching to polar coordinates (7, ¢), using the standard expres-
sion

0% 10 1 ¢
“orz ror  r2og?
for the Laplacian in planar polar coordinates, and looking for solutions of (1.1.9) in the
form

+00 ‘
ulrg)= Y. um(re™?,
m=—oo
we arrive at the equations
1 m?
up (1) + =1, (r) +[;L——2)um{r) =0 (r1.15)
r r

for unknown functions u,,.
The equations (1.1.15) are closely related to the Bessel equation

2
Y+ %y’(r) + [1 -~ %)y(r) =0. (L.L.16)



This solution fully characterizes the eigenvalues and eigenfunctions for both boundary
conditions in the unit disk °

The eigenfunctions form orthogonal bases for L? spaces over the disk under respective
boundary conditions °

The Bessel differential equation -
» d?y
dx?
General solution is  y(X) =¢,J, (X) +C,Y, (X)

X

+xﬂ+(x2 —1?)y=0
dx

The modified Bessel differential equation -
,d’y
dx?

— 1 5 v+2K :ZI—V(X)-VIX(
IV(X)_kZ:(;k!F(v+k+1)(2) K.() 2 sinvx

X +xﬂ—(x2+v2)y:0
dx



