§ Vibrating String [PDE102WaveEqyation]
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Fa v » u(0,t)=u(l,t)=0

52 uD=X@T®) Alu, = X(X)T"(t),u, = X"(X)T(t)
X" _ T _
X(x) cT(t)

—X"(x) =AX(x) ---Sturm-Liouville eigenvalue problem
X(0)=X(1=0

1. —(—) X, —sm( x)m 12,3,..
X (X) =siny/Ax - X(I)zsin\/zl:0:>«/II:n7r:>/1:(n|—7[)2
—(—) X, —sm( x)m 1,2,3,..

2. I;Xm(x)xn(x)dx:o for m#n

sin xsiny =cos(X—Yy) —cos(X+Y)
sin(my)sin(ny) = cos[(m—n)y]—cos[(m+n)y]

axl/1 e
I sin wsm%dxy = I—IO sin(my)sin(ny)dy =0
T

[FJEE T () =c°T (1)
T(®)=A cos(CT—nt) B sin(CT—nt)
Show that the constants A,; and By, m €N, are uniquely determined by the initial con-

ditions (0, x) = ¢(x) (initial position), u,(0, x) = ¥ (x) (initial velocity). Calculate A,y
3 and B,;, using the Fourier decompositions of the functions ¢ and .
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Fourier [EFHARHVEERE U(X, 1) = Z[ﬂ 005(—)+ B Sln(nCﬂt)]sin(mln()

nzX

(.0) = p(x) = 3. A, sin(*)

A =2 [} psin()ax

b(x,0) =y () = 3B, sin()

n=1

B -2 [ w(sin(Z )
nzX Yo |
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The natural frequencies are @, =Cyf 4, = I neN

cro. .
@ == principal frequency (fundamental tone F4%)

overtonesGZ ) ; @, =Ny, N> 2
4. For Neumann boundary condition u,(t,0)=u,(t,1)=0 [L#:(1)Dirichlet
(2)Neumann condition HY eigenfrequencies

it Dirichlet &4 Neumann &
TREAAIR EE (u=0) B8 (Qu/0z = 0)
nm 2 n\ 2
HEE N, (T) (n>1) (T) (n > 0)
. /nTT nme
=S sin (<) cos (=7-)
cT CT
Bifn=1) wlzT (Ul:T
Z8nh > 2) nwi nwi
=EFESHE N =0 & 2 (FEH)
(1) Dirichlet & FUEF(E & kb -
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)\nz(n;T) , Xn(m)zsin(n;m), n=1273,...

B[] J7 A
@, =Cc\2, = CT—n neN
(2) Neumann 72 55 (F(H HmEh)
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EHAER o, =cJZ:I—”,n:1,2,3,...

Cr .
%fﬁﬁa)l:T TE @ =Nw,Nn>2
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Dirichlet ({4 SEZJHME - FTATARRS Rkl -

Neumann {&fF: : FEAEZHEIR (n=0)  SCHFALIAE TR SATRES -

§ ST LA —HERED [lesson001]

FHEERTE - —% = Au,u(x+27z) =u(x),A >0

A =0 > FFERAE - (1)

Ay =n" > HFEIEREL  {cos(nx) sin(nx)} (ELe™ SE(E - HEk L (ST) FY—4H5E A IE RS

% o
S ST BRI -
Laplace B+ AR Z8ERAY » 32 (A) ={0,1,2°,...,n%,..}={0,1,4,9,...,n%,..}

FHEUE A, =n* Y EH (multiplicity) :
A =0 @ EE I(FERE)
A, =n(n>1) @ E# 2 (cos(nx)EE sin(nx)4R 1M 1T)
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