§ Lichnerowicz - Obata Theorem
Let (M, g) be a closed Riemannian manifold of dimention n such that Ric>k(n-1)>0

(i.cforany £€TM wehave Ric(&,&)=k(n-1)[&[">0)

Then the first nonezero eigenvalue A of —A; satisfies 4 >nk

Moreover > we have equality if and only if M 1s 1sometric to an Euclideans phere of
dimension n °
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(1) FE—{& n 4E(n>2)compact * without boundary Riemannian manifold (M,g)
(2) & A=d"d =—div(grad) /£ Laplace-Beltrami operator
(3) Laplace operator HYs§HH—4HIFEEEHEL * 0=4 <4 <4, <. >
2. Lichnerowicz estimate -
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3. Obata Rigidity theorem 1962 -
A= ni_lp if and only if (M) S8R FIREH A0 ﬁ 9 1 YRR S“(\/%)
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Bochner-Lichnerowicz formula -
For any function ¢ € C”*(M) it holds that

A, (VE[) = Hesst [+ V59, £ + Ric(v, vF)

HNRE R M,) FAI—{E 1-forme » Aw=V'Vo+Ric(w)

Aw * 1-form o #Y Hodge-Laplace operator {E F Y45 5

V'V : connection-Laplace operator
Ric(w) :
§ 1 Laplace comparison theorem
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§ 2 Lichnerowicz — Obata Theorem
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