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Spectral theory B FEEELZ K34 Laplacian SZRHTAT

Spectral #&{n]  4&fa] <> 5l Laplacian Heat kernel > Weyl law
Spin #&f{a] Spin 451 Dirac 5% Dirac operator Clifford algebra ° Index theory
L fm] oy T PDE fi##&{n[ffj@H  Lalacian 85774 > Flows

§ 02 Introduction
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R®th » Laplace operator (Laplacian) Af =
R BT . . 1 i
FREfIPM » 99 » Laplace-Beltrami operator A, _Tai (\/a 9"9,)
g
( %% : Jacobi operator J =A+|A" +Ric(N,N) ; Morse index 1% Jacobi operator A £

eigenvalue {E% > Bl > Index(J) =#{A <0|J¢ = 1 HIEZf#})

FE s > Laplace BT EFAF R _E » Laplace-Beltrami BT EHZRFERE R
o bff’ﬁ%‘W’EﬁW—LfE%U:

Bol) EL RS RAERAR AT = A1 S0Af = AF > AW (A, ) RIHS A e  1,)
FIMEE © SRR T ZER (SRR ) AR B, -

Laplace-Beltrami B 1] LU — P HEEENE HER A L > 185 Hodge-Laplace
HFA=dS5+8d (d29Musr > 6 EHAFREET) -

§ 03 ML [
1. Direct problems
(1) Compute Spec(M * g)  the first non-null eigenvalue 4
(2) Properties of Spec(M ° g)
2. Inverse problems
(1) SpecM » @77 T M HY dimension > volume * the integral of scalar
curvature(over M)
(2) Isospectral problem : Can we hear the shap of a drum ?
IfM > g (M’ g")are isospectral > are they isometric ?
J.Milnor 1964 and a planar counter example by C.Gordon ~ D.Webb and
S.Wolpert 1992



§ 04 Open problems :

1.
2.

B EESE R SEFTE isospectral {HIEZFFE (non-isometric) HYFRI 2

EAEE A E — SR EE (FHOFEE ~ 45%) - HER A EARER
BEMAEL

BT Le ] 2o ge F S fu - H B RFACREF (Laplacian) - {HIRARETE
FEEME T« BiE B TR 4 AR EE M E 2 AR IT MR e 4

(1) Hodge-Laplacian ({ERHR L)
(2) Dirac operator (‘B 7lfE5%smElfef e+ )
() Schrodinger operator (EE 440 HRE)

SETE MG - HEERI O A atEHIEE ? B A EER PR RS BT
Fo 7 S AR~ FEROEMEE S (RMT) FEHIEEC -

s e R

FERMFRF - A R AL B o s SRR T R A (T E 7 s
Berry ~ Sarnak ~ Zelditch ZE ARYBTFTARE » /B BRI A S A EE A -
TR S EARR e MR rT R

§ 05 FEFBET-(adjoint operator)
& H e — A darrze (—EseHrNEZErE) > FFAENEC, ) °

» —{E AEEE ( densely defined ) HWEHEET A: D(A) - H (E9 D(A) C H 25 7HIEE

f ) 2 self-adjoint - MIREME :

A=A

BiE AT 2 ANNEET  BEESAEE SRMEE - B D(A) = D(A*) -

. MEEET A WESE  8RFB € D(A)fly e D(AY) - B

(Az,y) = (z, A"y).
At 2 A=A"FK  EdErEs :
(Az,y) = (z, Ay), Vzx,y € D(A).

ERnaT ATEANESE FE"HE"Y -
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- EREMNEEM  £FERETED - self-adjoint TMEEREFHR RV (8] (Az,y) = (z, Ay)
)BTRS D(A) WERH'A" () - A8 D(A%) 22486 - B2 self-adjoint L&t #
BE T ( symmetric operator ) HIEZEAI (HBETREX (Az,y) = (z, Ay) - EEFHEOEEE
My e
- ERRGEEMOBIE : IR H 254 (Hl Cr 5L R™) - Al self-adjoint E7 HEAR :
o ¥ ZM : Hermitian %8FE (ENERE AT A = AT Hch AT SHIHE ) -
o BEZR : HigEE (ERARE A= AT 2p AT 28E) -
FeEERLT  TRHMEREE  EAEETEmMECES -

Self-adjoint H B ERBLYFE Py EEEEH]

o EEFE (real spectrum) : self-adjoint EFHIFE (spectrum - BISEIENEE ) 2HEEH - &7
SEFHEDZHESEE - ARUHANE (WNIE - 22 - 58 ) HELE self-adjoint &7 - DIEIRAIE
BREH -

* EETEIE ( spectral theorem ) : self-adjoint EF O LUETTE D ## - BRI EMBRH AL - Eo5rHM
HErEAREIES

A= /AdE(A),

Hp A\ 28% () - E2E0E - ERHE /AW EFEABNERTIR -

« EFNEER: TETHED  2HMNIEZEET ( Hamiltonian ) B £ self-adjoint « DITRFRERE
A S2ARNEEMY -

o BEH : self-adjoint EFEMRIATEEL (unitary evolution ) 2rAREHT - SHEMRE S G
mE -

. BREHT EC D EE A= (S ;

—z) 2 Hermitian (E& Al = A) . FILIEE self-
adjoint -
o EIRMEGF . & L2(R) 2/ (PHUBREZER ) b - B8F Af(x) = 2f(z) (MIBET ) 2 self-

adjoint - EF3HA D(A) = {f € L*(R) | [ |zf(2)|*dz < oo} -



