
§ The Laplacian on a compact Riemannian manifold 

§ 3.1 Basic Riemannian Geometry 

A connection on M is a map : ( )D TM M TM    

: ( , )XD Y D X Y   

Lie derivative 
0
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Cartan formula ( ) ( )X X XL d d       for all ( )k M   

In particular，for a function f，we get ( )X XL f df df X    

The Levi-Civita connection is the unique connection on TM such that  

(1) D is torsion free 

(2) D is compatible with the metric g 

 

The geodesic 0TT    

The exponential map  

 

The curvature tensor 

[ , ]( , ) ( ) ( )X Y Y X X YR X Y Z Z Z Z       



 

The Ricci curvature tensor  
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Ric X X R X e X e


  for any point x M and any vector 
xX T M ，

where { }ie  is an orthonormal basis of the vector space 
xT M 。 

 Ricci curvature Scalar curvature 

nR   0 0 
nS   (n-1)g n(n-1) 

nH   -(n-1)g -n(n-1) 

 

 

 

§ 3.2 Analysis on manifolds 

 

3.2.1 Distributions on a Riemannian manifold 

D(M)：the set of smooth functions with compact suport on M，called the set of test 

functions。 

A distribution on M is a linear form : ( )T D M R ， T   



 

3.2.2 Sobolev spaces on a Riemannian manifold 

Lebesgue space 2(M, ) : { :L g f M R  measurable such that 
2

}g

M

f dV     

Soboev space 1( , ) : ( )H M g C M ，and 1

0 ( , ) : ( )H M g D M   

 

3.2.3 The Laplacian operator and the Green formula 

The Laplace-Beltrami( simply Laplacian)  

( ) : =div( f)g f    

 

 

Exercise 

Verify that 2 (4 ) ( 1)!
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