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Prove that the Hermite functions €,(x)=(2"n !«/;)7E ef?Hn (x)
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(™) form a Hilbert basis of L?(R)
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To show that the span of {e }is densein L*(R) - it suffices to show thatif f e L*(R)

satisfies (f,e,)=0 foralln > then f = 0 almost everyhere °

The Hermite functions are of the form e, (z) = cn Hn(z)e * /2, where ¢, = (2°nly/7) Y2 £ 0.
Thus, the span of {e, } is the same as the span of { H,,(z)e “’2*’:2}. Consider the set § =

span{p(z)e 2*/2 | p is a polynomial}, which is identical to the span of the Hermite functions.

Suppose f € L*(R) and (f,s) = 0forall s € S, i.e., for all polynomials p,
f f(@)p(z)e = *dz = 0.

Define k(z) = f(z)e /2. Since f € L*(R) and e **/2is bounded (by 1), k € L*(R) because
f k(z)|*dz = / f(z)|%e “dr < supe ‘rzf |f(z)]2dz < co.
The condition becomes

/ k(z)p(z)de =0 for all polynomials p.
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It must be shown that & = 0 almost everywhere. For any continuous compactly supported function
@, by the Weierstrass approximation theorem, for any € > 0 and any interval [— A, A] containing the
support of ¢, there exists a polynomial g such that

sup [¢(z) — q(z)| <e
ze[—A,A|



Then,

< +

’./Z k(e)p(e)de /i k(z)(¢(z) — q(z))dz f: k(z)q(z)dz
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The first term satisfies

‘ f k(2)(8(z) — a(z))dz| < f Ik(2)|6(z) — a(z)\dz < € f k() |dz < VA K] 12z,
A A A

The second term satisfies, since foom k(x)g(z)dz =0,

= ‘f k(z)q(z)dx
2] >4

< Ikl 2> 1l L2215 4)-

A
‘f k(z)q(z)dx
A

As A — 00, || k|| £2(j¢)>4) — O because k € L*(R). For fixed € and A, ||q|| z2(jz|- 4) is bounded on
compact sets, but since € is arbitrary and A can be chosen large, the expression can be made

arbitrarily small. Thus, for each fixed ¢,

’f k(z)p(x)dz| < eV2Alk| 2w + 1Bl 220> 12l 22> 4)»

and taking e — 0 and A — oo shows that
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for all continuous compactly supported ¢. Since such functions are dense in LQ(R), it follows that

k = 0 almost everywhere.

Therefore, k(z) = f(z)e =/2 = 0 almost everywhere, so f = 0 almost everywhere (since
e o' /2 = 0). This implies that the only function orthogonal to all elements of S is zero, so S is dense

in L?(IR). Hence, the span of the Hermite functions is dense.



