Exercise 3.3.4
Let (M,g) be a Riemannian manifold and f:M — R a function such that |Vf | =1 o

Show that the integral curves of VI are geodesics °
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To conclude that Vg sV f = 0, we use the fact that V f is a gradient field. The Hessian of f, V2 f

. is symmetric:
Vo Vi =V f(V],").
However, from g(V f, Vf) = 1, we have:
V2F(VF,VF) =0.
Since V2 f is symmetric and V f is non-null (as |V f| = 1), this implies:

Vo, Vf=0. g
The integral curve 7(t) satisfies:
Viy =0,

which is the geodesic equation. Therefore, () is a geodesic.



