§ The Laplacian on a Riemannian manifold
Rellich embedding theorem -
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Theorem 3.2.1 Let M be a compact Riemannian manifold. Then the eigenvalue
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Forf € L*(M), we have
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where this series converges in L and if f € H"*(M), we also have
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§ The eigenvalues and eigenfunctions of the Laplace-Beltrami operator of a Riemannian
manifold M determine its Green function and heat kernel °
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Federer coarea formula :

Theorem For every open 2 C M and every smooth function ¢ on 2, we have

f|a’¢)|| :f Vol -1 (¢~ (1) N Q)dt, (3.2.31)
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where Vol 4—1 indicates the (d — 1)-dimensional volume of a hypersurface. O



Exercise

Given u,veC”(M) > show that A(uv) =VAu+2(Vu, Vv)g +UAV

Example
Suppose that (M,g) is a Riemannian manifold > ds? = h(x, y)(dx* +dy?®) » where
h(x,y)>0
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Show that —A = —m y 8yz)

§ The Laplacian on a flat torus

Consider a two-dimensional flat square torus T.? =R?/(aZ)’ > find the eigenvalues and

eigenfunctions
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p(x+a,y)=g(x,y). #(X,y +a) = (X, y)
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