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3. W[ exponential map 22 Jacobi field
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The most important fact about conjugate points is that they are precisely the images
of singularities of the exponential map °

singularities of the exponential map ° (i.e. points where it fails to be a local
diffeomorphism © )
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7. Jacobi fields and tidal effects in Kerr Spacetime

§ AR geodesic
2X o dx dx;

il > M, p(t) = (x(t), % (t),..., x,(t)) isa geodesic < ddtzk +ZF” Ed_tjzo
i

={(p,v)‘peM,VGTpM} 1s a tangent bundle
(U x}i@& M A £ > 7 TU BYEEEEASE] TM HY differentiable structure
p(xl,...,xn),v:Zyi& > FTCP,V) = (Xpyees X0 Yireens Vi)

dx,

_ = yk

d dx_(t), .
A geodesic t—> (% (t), ..., X, (t),—xl, N % )) W B dt

d t dy, k

ot =-Ty VY,

§ Jacobi 35
7:[0,]] > M is a geodesic ° (iljt/
J(t) 1s a vector field J(t) along y - satisfies

DJ

Then J(t) 1s called a Jacobi field ©

HR(X,Y)Z =V, V,Z -V, V, Z -V, 2 FEEER -
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§ B DRI 264 p.232]

?
p

y(t) & —4K 4 (geodesic) » te[0, 7]
W0 e meEs 0=r09

{EEF—1k », AR AR

Bl J =%7 Bl -#—{E Jacobi 15 -

o(t) 2y FUIRGEE C, TS - |o|=1 - A

<o(t),7'(t)>=0
HI| J(t) = (sint)a(t) & FAY—(F Jacobi 35

((jj—‘:=(cost)a)(t)+(sint)a>'(t) ' o)=L 0 »'=0 >

T - au%=(cost)w(t) [

bbbl = (-sint)w(t)

dt dt

HRy o), y'() & B ETies)  HirfEE - f
<o(t),7'(t)>=0

(') Ao() A y'(t) = o(t)

RIEE (7' O AIR) Ay'[t)=J()

R=K=1

o
i

[;:;] +R('(t), I ())y '(t) = (—sint)w(t) + (sint) o(t) =0

FrEL I (t) = (sint)a(t) /2 y EHY—{& Jacobi &
FEENI(r)=0

§ Pro[osition
L (1), d,(1) 2% y:[0,1] > M HYFE Jacobi &5 HIf

D~:1 () >—< Jl(t),M >= const

< —
d dt

2. JORGE 7 [01] > M HY Jacobi 5 < J(1),7'(t,) >=<JI(t),7'(t,).=0 for
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t =t Hl< J (1), 7'(t) >=0,vt [0,1]
3.y R - 45 1)~ I0) - ABeT,(M),7(0)=P

AIFEAEME——(E y £HY Jacobi 35 JWifE J(0)=A » J'(0)=B » HH J'FIRV,I

§ Jacobi HELMA4 J1(Tidal forces)
EEFEMAE T > WG TR Tl iE (trajectory) 2EE) > 74 F](tidal

force) Ay £ (R 22 HE R EVAFAE) & S i1 BEAT B - (LY e il A AR A
TR -

NIEE - Frad ey R SR (s e - B2 5 I B /E A — RS -

R E o EEERAHEER TAYEDY IR S MR AL - 1 — YIRS EE I B T
i A R AR

S AR A Bl 75 A2 = IR A0 2 R 4R 2 F2R S h 20 E B AR BN 2R EE YRR A -
o FER o HIHE 4R C /Y Jacobi AV E FHE R E 24 2T C oY I 48 R 8 C
1 o

TE oy 28 vh > SHIM AR R o A2 =8 18 By Jacobi 35 12 ©

3% (John Lighton Synge 1897~1995) % f 047 B [5 A ZR RV
By —>

% Jacobi fields J5FEEHIH 4R E(eeodesic deviation) T2 » 4L
SRR A EA -

https:/kknews.cc/zh-tw/science/v9409nl.html(E 2 5)
EIPAEED: T

§ Relationship between the spreading of geodesics and curvature
Let peM and y:[0,a] >M be a geodesic with y(0)=p,y'(0)=v -

Let weT,(T,M) with [w|=1 andJ be a Jacobi field along y given by

J(t)=(dexp,), (tw) - Then the Taylor expansion of |J ('E)|2 about t=0 1s give by

RO _,

|J(t)|2=t2—%< R(v,w)v,w>t*+R(t) N
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The above equation tells that the geodesic t —exp, (tv(s)) deviate from the geodesic
y(t)=exp,tv(0) with a velocity that differs from t by a term of third order of t given by

1
—Z—K(p,o)t
5 (p,o)

§ Proposition
If :[0,]]> M is parametrized by arc length > and <w ,v>=0 the expression
<R(v ,w)v ,w> 1s the sectional curvature at p with respect to the plane o generated by v

e 1
and w  Therefore in this situation |J (t)|2 =t -3 K(p,o)t* +R(t) > and

1 -« .. . R
FOI=t-2K(p.o)*+RO) with lim-5=0

§ 41{aTF] exponential map 73 & —{[& Jacobi 5
Construct a Jacobi field along a geodesic using the exponential mapping -

peM,veT,M suchthat exp,v isdefined
Let f:[0,1]x(—&,&) > M be the parametrized surface given by

f(t,s)=exp,tv(s) with v(s) being acurvein T ;M satisfying v(0)=v

J(t) = % (t,0) is a vector field along the geodesic y(t) =exp, (tv),0<t<1 - then J(t)

1s a Jacobi field °

Q : When is the exponential map a local diffeomorphism ?

If (M,g) 1s complete > we know that exp, 1s defined on all of T,M > and is a local

diffeomeorphism near O °
However - 1t may well happen that it ceases to be even a local diffeomorphism at points
far away °

An enlightening example is provided by the sphere Sg °

All geodesics starting at a given point p meet at the antipodal point > which 1s at a distance
of #R along each geodesic °

The exponential map is a diffeomorphism on the ball B_;(0) > but it fails to be a local
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diffeomorphism at all points on the sphere of radius zR in T,Sg °

Moreover » each Jacobi field on Sg vanishes at p has its first zero precisely at distance

7R o

If U is a normal nbhd of p (the image of a set on which eXp,is a diffeomorphism) > no

Jacobi field that vanishes at p can vanish at any other point °
We might thus to espect a relationship between zeros of Jacobi fields and singularities of
the exponential map ° (i.e. points where it fails to be a local diffeomorphism © )

§ Conjugate points and the singularities of the exponential map

7:[0,11 > M E—HH4E > y(0)=P » Q=y(t,) t,<[0,1]

EFE—0E y A28 0/Y Jacobi 5 J(t) » 15 J(0) = J(t,) > AlfE Q 2 P Ay

PORLBE AR ) - AL > _EGI BKE E QU2 P AYHLHEES -

Let y:[0,1]— M be a geodesic and y(0)=p °

The point q=y(t,) isconjugate to palong y if and only if V, =t,»'(0) s a critical

point of exp, °
In addition > the multiplicity of q as a conjugate point of p 18 equal to the dimension of the

kernel of the linear map (dexp,), °

§ And the maximum number of such linearly independent fields is called the
multiplicity of the conjugate pointto y(t,)

The order of multiplicity of conjugacy is the dimension of the space of Jacobi fields
vanishingatpand q °

§ Theorem

Let » be a smooth timelike curve connecting two points p,geM -

Then the necessary and sufficent condition that » locally maximizes proper between p
and q over smooth one parameter variations is that ¥ be a geodesic with no point
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conjugate to p between p and q °©
The theorem is the basis for the singularity theorem of GR °

§ Jacobi HEAE T ERIRA (%
Let M 1s a Riemann manifold with symmetric connection V
c:[a,b] > M a geodesic
H(t,u):[a,b]x(—¢&,&) > M a variation of ¢ with
ati) ¢ H(0)=c(t) » H(a,u)=c(a) > H(b,u)=c(b) > and 1s a geodesic
as well

H
Let J(t)= aa_u variation vector field GE{EAD] [E &)
Bu o oH .
4 c(t) = 3 velocity vector field along ¢
0 0
(J=—-V =" then LV =[3V]=0
Torsion free > T(J,V)=V,V -V, J-[J,V]=0 then V,V=V,J
RV =(V,V, =V, V, =V, )V =V, V,V -V, V V

. .0
==V, V,J (cis a geodesic C=aH > then V\,V =0)

V,Vy,J+R(J,V)V =0 Jacobi equation

D- . . o
Let A(t)= a° acceleration vector field” > — %Tfnbzﬂ/ i)

DD o DDo

— ()= —H|, o =———H|,
dt dt ou dt du ot
L LI RN
dudtot '*7°
| oH | oH : -

VX =0 fora geodesic ’ (— —) | Lo =R(c(t),V(1)c(t)

J satisfies the equation % J(t) = R(E:(t),V 1) é(t)
J(t) 18 a Jacobi field along ¢
ﬁis'é

ORI AR p (t) Y —(E8 53 7 &5 Ky Jacobi 15 ) > [ H. J(0)=J(b)=0 - RIIFLAHIER
th 445 L"(0) =0 -
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HIE

1. Recall that a vector field J along a geodesic y 1s called a Jcobi field if
D?J , ,
preaal R(y'(t),J®)y't)=0

(a) If J 1s a Jacobi vector field along a geodesic ¥ » show that
g3 (), 7'(t)) =tg(3(0),7'(0)) forallt

(b) Prove thatif J(t,)=0 for some t, > then J'(0) must be orthogonal to
7'(0)
[DGO1 p.116 EX4.8]
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