§ Immersion(;z&f) Embedding(5E5Y)
f:M — N Z local diffeomorphismat peM %5
(1) dim M=dim N

(2) (df),’Z diffeomorphically onto

A% (df ), :T,M - T, )N — isomorphism([zlf#)
‘& dim M<dim N
BRI (df ), /2 injective JHEBF f FEATE p #9—(E immersion

GEHEFTAER p #PEIr Al f 18 F—(E immersion)

EH
f:M >N pE— =8 AJfE p A— local coordinate {§i{5: f & canonical
immersion H[I(X",%%,...,x™) = (X", X?,...,x",0,..,0)

M o> NEp 2258 H

(1) f 2 [EHE(homeomorphism)onto f(M)
(2) with its subspace topology

AIl f 78 By (differentiable)embedding

[DG12] p.13

Lemma 1.3.1 Let f : M — N be an immersion, dimM = m,dimN = n,x € M.
Then there exist a neighborhood U of x and a chart (V,y) on N with f(x) € V, such
that

(i) fiu is a differentiable embedding, and
(ii) V""" (p)=...=y"(p) =0forallp e f(U)N V.

( proof followed)

If f : M — N is a differentiable embedding, f(M) is called a differentiable
submanifold of N. A subset N' of N, equipped with the relative topology, thus
is a differentiable submanifold of N, if N’ is a manifold and the inclusion is a
differentiable embedding.

il

1. f:R—>R* f(t)=(t*t°)7F t=0 RZ immersion

2. f:R—>R? f(t)=(cost,sin2t) & immersion {HF 5 embedding
3. f:R—>R® f(t)=(e"cost,e'sint) & embedding



ZM < N H inclusion map &— embedding f& M £ N Y submanifold

f:M—>N

7 (df ), JE surjective HIlfE p e M & regular point(#& RIf# £ critical point)

5 £71(q) &2 regular point HI[ffqe N % regular value

Theorem 5.6 Let g € N be a regular value of [ : M — N and assume that the

levelset L := f~Y(q) = {p e M| f(p) = q}isnonempty. Then L is a submanifold
of Mand T, L = ker(df), C T,M forall p € L.

...

Theorem 5.7 (Whitney) Any smooth manifold M of dimension n can be embedded
in R*" (and, provided that n > 1, immersed in R*"~!), ]
[DG001]p.26 H{E

Sn :{X c Rn+1 (Xl)Z +(X2)2 +-"+(Xn+l)2 :1}

s5HA S" /& R™ Y n-dim submanifold HT,S" ={ve R"|<x,v>=0}
Consider the map f : R"*! — R given by

fal o =ah 4t

Its derivative
(df)), — ledxl 44 zxﬁ-‘r]dxﬂ—Fl

1s clearly injective for x # 0, as it i1s represented by the nonvanishing matrix
(2xt |- 22T

Therefore, | is a regular value of f. and so $” = f~!(1) is an n-dimensional
manifold (cf. Theorem 5.6). Moreover, we have

I.S" = ker(df)x = {v € LR" | (df),(v) =0}
— {1} = Ru+] | xlvl 4.4 xn+lvn+] — 0}

= (weR" | (x,v) =0},

where we have used the identification 7, R"*+! = Ra+1,



