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FIGURE 3.8 The upper half plane with a negatively curved metric. Geodesics are semi-
circles and straight lines that intersect the x-axis vertically.
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Consider —( d_Z %)l X)
d x

& O Ay dy kL Ay L , o
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dy _dx dx dy ds

Th — X=Xy » Y—=+X—=X,— * Y- —+(X=X;)—=
e yd( R Vas T ¥as " as Y as TG

o (X=%,)>+y* =17 is the geodesics of H

—. Compute the Gaussian curvature by Cartan structure equations
Cartan formula :

da)':Za)‘/\a)} ol +0, =0 do) =Q) +) o Ao
]

Xzzg then <X11Xl>:i21<xllx2 >=0,< X;, X, >= :

0
Xlz—, —2
X oy y y

Take E =yX,,E, =YX, asthe orthonormal frames
Then o' = de,a)2 zidy

y y
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By dw —Za) N
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do =0 "oy +0" "N, =0 AW, =0 AN®

do’ =o' A&} + & AN} =0 A} =0

Let o =aw' +bo’ » @' A’ =0 s0b=0



A’ =do' ="' A& =a0' A0® 50 a=]

do =do' ="' Ao* =—Ko' Aw® then K=-1
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o= 1 y dx > dO=—wA0 > do+orw=0Q
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The Gauss curvature is K = m 9(Q(0,,9,)9,,0,) = y4(——4) =-1

Or K =0}(E, E;)=- mWwww—aﬁy—4dAwm;5?—

VY. Hyperbolic plane is a Lie group
—{EZEE G Z—{EF/ETP (smooth maniflod) [EIHFZE—{EEE - EAHEAYER
GxG->G G-oG

(@M oh 907 wromrmmey

BIHEH ={(x,y) e R?|y >0} FAJ4—BEETAT {15 5115 (affine map)

h:R — R,h(t) = yt+ x ZE[E(identify) » FrAEENILEFTAVE SRS SR —
ﬁ o
RIEFAIAE H _E5 [ A(induce)—{[&EE£45HS -

Exercise 1.7.17 (3)
(a) Show that the induced group operation is given by (X, y)«(z, w) = (yz + X, yw)
and that H » with this group operation is a Lie group ©

(b) Show that the derivative of left translation map L, :H—>H atapoint

X,Y)

(z,w) e H isrepresented in the above coordinates by the matrix

y 0
(dL<x,y))(z,w>:(o y]"

Conclude that the left-invariant vector field X' e y(H) determined by the



0 0 0 0
vector V=§&+§5€77 TonH.(§ s €R)is given by X(xy) é:Y&"'gy&

(c) Given VW en compute [V, W]

(d) Determine the flow of the vector field X" » and give an expression for the
exponential map exp:n—>H

(e) Confirm your results by first showing that H is the subgroup of GL(2) firmed by

. y X .
the matrices with y>0
01

fi#
(a)

Given two affine maps g(t)=yt+x and h(t)=wt+z > we have

(goh)(t) =g(h(t))=g(w t +z)=yw t + yz+x
Therefore the group operation is given by (X, y)+(z, W) = (yz + X, yw)
The identity element is e=(0,1) > hence

(2w =(x,y)" < (yz4x, yw)=(o,1>@(z,w)=(—§,§)

Therefore the maps (g,h) = geh and g— g™ are smooth hence H is a Lie group °

(b)
Because L, (z,w)=(yz+X,yw) ° the matrix representaion of

0 0
(dL(Xy))(Z,W):[y j » therefor X(X ,yhas components (y ](gj:(ygj
| oy 0 yl\n) \yn

(c)
0

If V:§%+n5,W:g%+w% » then
\ ' ~ - E -~ _ -
[X", X" ]= [éy +nyay,gyax wyay] (ns g’)y

0
Therefore [V,.W]=[X",X"], = (ﬂg—wf)&

(d)
The flow of X" is given by the solution of the system of ODEs



n_
I P )
Which is n for n#0

y =Y,e"

X=X, + Y6t
And { XO_ Yo for n=0

—Jo
The exponential map is obtained by setting (X,,Y,) =€=(0,1)
n_
and t=1 : exp(V) :[M e”j for n#0
n

and exp(V)=(&,1) for =0

(e) The multiplication of two such matrices is

yx\ (wz\  [ywyz+x
01J\ot1) \0 1 ’

which reproduces the group operation on H. Therefore H can be identified
with the corresponding subgroup of GL(2). A curvec : (—&,e) — H with
c(0) = I is then given by

t t
c(t) = (yé) X:(L )] with x(0)=0 and y(0)=1 > and its derivative at t=0 is

)= YO x©
0 0



We conclude that b can be identified with the vector space of matrices of

the form
né
00)°
The Lie bracket must then be given by
n&Y (wa\|_ (m&Y(w<C) (w<)(n¢&
00J°\00)|  \0OJ\OO 00J\0OO
_ (O nC —w§
R ’

which agrees with (c). Moreover, the exponential map must be given by

1€\ _~ | (€)'
exp (0 0) = ZE (0 0)
k=0
_ (10 n&\ (g
—(01)+(0(})+§(0 o)t
7}'{.: B el £(e"—1)
e"p(w)(o i

0 (55)= (1)

for 7 = 0. which agrees with (d).

yielding

for 7 # 0 and

p.247
§ left-invariant metric

1
The hyperbolic plane corresponds to the left-invariant metric g = —?_(dx2 +dy®) on
y

Ho
The geodesics are therefor determined by the Hamiltonain function K:T'H — R

2
given by K(Xx,y,p,,p,) =y7(pf +p;)

(a) Determine the lift to T* H of the action of H on itself by left translation,
and check that it preserves the Hamiltonian K.



(b) Show that the functions

F(x,y, px, py) =ypx and G(x,y, py, py) = Ypy

are also H-invariant, and use this to obtain the quotient Poisson structure on
T*H/H.Is this a symplectic manifold?

(¢) Write an expression for the momentum map for the action of H on T*H,
and use it to obtain a nontrivial first integral I of the geodesic equations.
Show that the projection on H of a geodesic for which K = E, p, =/ and
I = m satisfies the equation

1’x? + I’y? = 2lmx +m* = 2E.

Assuming [ # 0, what are these curves?



(a)

(b)

From the expression of the group operation it is clear that
1 x 1
) =\-==);
yy

bbb

and so
Ligp-1(x,y) = (

Therefore, by Example 5.4, the lift of the action of H on itself to T*H is
given by

(@, D) - (pxdx + pydy) = (Ligpy-1)" (P2dX + pydy)

Px Py
= ——d: —dvy,
b X 4+ b y
which can be written in local coordinates as
(@b)- @y, pr. py) = (bx +a,by, £, 22
Since
ol
_ Px Py bz}"z sz Py ,
K(bx+a.b}f, ?, ?): 2 (?—l&b_z :K(xs}"s pX'rp}-‘)|

we see that K is H-invariant.

The functions F and G are H-invariant as

= VP = F(I, Y, Px, p}’)

F(bx%—a,b}*, Px p}’) zb}-‘px

b’ b b

and

Px Py Py
G(bx-i-ﬂ»b}'»?x'?}) :b}' b} :'}:p1 :G(Ir}r*p.‘k'! p'\»)

These functions are coordinates on the quotient manifold T*H/ H (they are
the components on a left-invariant basis), and so the Poisson structure of the
quotient is determined by



OF 0G N OF 0G O0F 9G  9F 0G
dpy Ox ~ Opy dy  Ox Opy 0Oy Jdp,
=-—py=-F

(F.G}=Xr-GC =

The Poisson bivector on the quotient is therefore

0 7] d 0
={F,Clz5 ® 5= +1{G, 5F

o 0 o a
—_F F
or 2a6 T a6 © or

Since B vanishes for F = 0, the quotient T*H/H 1is not a symplectic
manifold.

(c) Differentiating the expression
Laup)(x,y) = (bx +a, by)

along a curve (a(t), b(t)) through the 1dent1ty e = (0, 1), it is readily seen
that the infinitesimal action of V = az}cl — JT ehis

0 d
= (a+ ﬁx)a + By By’

From Example 5.4, the momentum map for the action of H on T*H is the
map J : T*H — b* given by

J(pxdx + pydy)(V) = (pxdx + pydy)(X") = (a + Bx) px + Bypy.

Since K is H-invariant, J is constant along the Hamiltonian flow of K, and
s0, choosing & = 0 and /3 = |, we obtain the nontrivial first integral

I(x,y, px, py) = xpx + ¥py

for the Hamiltonian flow of K (in addition to the obvious first integrals K
and py). A geodesic for which K = E, p, = [ and I = m then satisfies

y? (px2 + pf) =2E & v 4+ (m —xI)> = 2E,

which for [ $# 0 is the equation of a circle centered on the x-axis.
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Exercses

1. Let H be the upper half plane {(X, y)eR?|y > O} - Forany a R - define the
. 1 2 42
metric g, =— (dx" +dy)
y

(@) If a#2 > provethat (H,g,)isincomplete

(b) Write (x,y) as z=x+iy ° For any (a,b,c,d)e R* with ad-bc=1 > show that
az+b
cZ+

define an isometry of (H,g,)

(c) S' isthe circle {eig}

Consider the following metricon H xS*

2 2
g=u+(d0+%dx)z

Deote yo,—0,by € > yo,by e, and J,by &
Calculate its curvature R,;;,,R;;; and R,,,,
Where Ry =<(V,V, -V, V. -V . )e.e >
2. Let M be a hyperbolic manifold - Suppose y, : S? > M isa closed geodesic °
whose 7," has constant length < Is it possible to find a one-parameter family of
closed curves with y:S'x{teRi-e<t<e} >M

} 0 ,
with y(,0)=y,() and EJ/L:O Ly," everywhere on 7,

d .
— |, LI¥(- 1)1 <0 ? Give your reason °

h that
such tha dt|

Here » L[y(,t)lmeans the arc length of the closed curve y(-t):S* —M

yxy



Rxx =_y21 ny =0,R =_y_2

Yy

2
Curvature scalar R=—-—

a
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