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§ 02 The Ricci tensor is twice the metric R, =29,

S x“ =(y,0,¢) > ds* =dy” +sin’w(d6* +sin” 0d¢*)

1 0 0
Rij :(n—l)gij where n=3 > gi,- =10 SinZW 0
0 0 sinysin®@

&

: : 09, 09,
(2) Fujk:lgll{agm + 9 _ 9

5 % o } by Euler equation and geodesics

S(a) = [ L(t. g, a())at

ds® = dy”® +sin®y(d6* +sin® 6d ¢°)

L = ()? +sin? y(0)? +siny?sin” O(g)’

oL d oL
For @ > the Euler equationis — ——(—)=0
00 dt 5y

oL ] ] .
—— =2sin?wsin @cos O(¢p)?
20 7 (#)



i(a—lf) :%(Sin2 w(20)) = 2siny cosy y(26)+2sin>y 0

dt 59

0+ Zcotx//éz/'/—sin 60059(&)2 =0

Compare with é+l“§ X =0

We have Iy, =T, =coty,I';, =—sindcosd

. .. oL d, oL
Again for ¢ - the Euler equationis — ——(—)=0 - we have

o dt 5

$+ 200ty g+ 2c0t00p=0 |, I%, =T, =coty, I, =T%, =cotd

We have

I, =—siny cosy,I';, =—siny cosy sin’ @
r,=r, ey I, =sbh «

¢ _T9 _ 4 _1T¢ _
Iy, =T, =coty, Iy, =T}, =cotd
(b) 3K Riemannian tensor * Ricci tensor * Ricci scalar

— A A
RZ,=0,[% —8, I +T* % ~ToT*
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Ry, =sin“y » Ry, =—siny » RY =sinysin’6 > Ry, =-sin®ysin’6
R ,=-1>Ry, =1 Ri, =sinysin’6 » Ry, =—sin®ysin’6
RO,=—1° RS, =1 Ry, =—sin’y » Ry, =sin’y

B

R0, Tl —0,Ty, + Ty, —T 5T,

=0, (—siny cosysin® 6) — 9,0+ 0—(—siny cosy sin® d)(cot )

= <o%y sia+ Sin ‘P ‘wos’Osin’y
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=o,I,,—0,l0,+ToI, —T) I,
=-p(cat ) (got )f=csc’y—cot’y =1
Rips = 0ol 5; — 0,00y + 5,05 —T5 T4,

= €st0 +cbdd - aqot— (ysinyces }* & eos
R, =R, =1+1=2 » Ry, =Ry, =sin®y +sin*y =2sin*y
R,, =Rj,, =sin’ysin? 6+sin”y sin @ = 2sin’ ysin” 6

The Ricci tensor 1s twice the metric R, =249

uv uv

The Ricci scalar R=9g*R =6
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§ From 1xS? to S3
The unit S°= {(X, y,z,w) e R* ‘Xz +y + 22 +W =1} with the Riemannian metric

induced from R* = Write X*+Yy®+2>=1-w" - and use the spherical coordinates for

the slices of radius r =+/1—w?

X =rsin@cos e
y=rsinésing
Z=rcosd

w=+1-r°

dx? +dy®+dz? =dr? + r’d@?* +r?sin’ @dg? and dw=




R dx? + dy? + dz® + dw? = 1i2dr2 +r2d@* +r?sin? 0d ¢?
—r

1

2

The induced metric of S° from R* is g = dr® +r?d&® +r’sin® d o’

21
From 1xS? > A(r)=@1-r?) 2 > M =1xS? is locally isometric to S*

A AT 2A

=(E, E)+Q)E, E)=—+—="Z==2) =]
R, =Q(E, E)+Q/(Ey E) TR T A HEET
1 s A1 1 .
R22 :Qz(Ev E2)+Q2(E3r Ez) = 3 +_2(1__2) =-=]+1=2 E]&%ﬂ“%
rA> r A
A1 1
R,=O(E,E)+Q(E, E)=—+=>(1-—=)="=2
33 3(1 3) 3( 2 3) I’A3 r2( Az)

R; =20; in an orthonormal frame °

§ [RGO1]1p.81 EH—{EE=ZEAEE

S*={(x,y,z,w) e R“‘X2+y2+z2 +w? =2}

T*={(xy,z,w)e R“‘X2+y2 =z22+w =1}

The submanifold T? < S® splits S°® into two connected components ©
Let M be one of these components and let @ = zdx Ady Adw—xdy Adz Adw to be a 3-

form -

Compute the two possible value of _|. w
M

Stokes theorem

Let M be an n-dimsional oriented smooth manifold with boundary ° let @ be a (n-1)-
differential form on M with compact support * and let i:0M — M be the inclusion of

the boundary oM in M ° Then I "o = j dw - where we consider oM with the
M

oM

induced orientation °

T2 divides S* into two connected components
M, ={(x,y,z,w) e Ss‘x2 +y? < and M, ={(x,y,z,W) e S:"‘x2 +y*>1}
Let ¢ :U, > M,(i=12) defined by

@, (r,v,v) = (rcosv,rsinv,v2—r? cosv,N2-r?sinv) on

U, =(0,)x(0,27)x(0,27) and U,:=(1 \/E) x(0,27)x(0,27) - Then



@ dx = cosvdr —rsinvdv

@ dy =sinvdr +r cosvdv

pdz =— ' —cosvdr —2—r* sinvdv
2—r

@ dw=— ' —sinvdr +~2-r* cosvdv
2—r

Andso @@= (N2-r? cosv)(p/dx A @ dy A @ dw) — (r cosv) (g dy A @ dz A @] dw)

=(r(2—r*)cos’v—r®cos®v)dr Adv A dv

M 28 x =rcos6,y=rsing,z=2-r?cosg,w=~2-r’sin¢

w=[r(2—r?)cos’ ¢p—r’cosdldr ndo Ad¢

["costpdp=z,[ do=2x

o 2 ordvdr _ 2
IMw—Zﬂ IO(Zr 2ri)ydr=rx

*

*
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§ Show that the standard metric on S®=SU(2) is left-invariant
Answer by ChatGPT -

A metric g on a Lie group G is left-invariant if left translation L, :G —G - given by

L,(h)=gh preserves the metric

The left multiplication by elements of SU(2) corresponds to isometries of S° in its
natural Riemannain structure °

Verification:

1. The Euclidean metric in R*is invariant under the left multiplication by SU(2)
elements > as this corresponds to an orthogonal action °

2. Thus » the induced metric on S® remains unchanged under left multiplication e

Since the standard metric on S®is induced from the Euclidean metric and left
multiplication in SU(2) acts as an isometry  the metric is left-invariant °

Answer by DeepSeek :



1. Isomorphism between SU(2) and 5°:
Any element of SU(2) can be written as a matrix (%* cf*) where |a|* + [b]* = 1.

By parameterizingaandbasa = w + izand b = = + iy, we getw? + 22 + ¢* + 22 =1,

which corresponds to the equation of S°.

2. Left-Invariance of the Metric:
The standard metric on 5% is induced from the Euclidean metric on R*,

Left multiplication by an element of SU(2) corresponds to quaternionic multiplication,

which is an orthogonal transformation on R*.

Orthogonal transformations preserve the Euclidean inner product, hence the induced metric

on 8% is preserved under left multiplication.

The differential of left multiplication, being an orthogonal transformation, preserves the

inner product on the tangent spaces, confirming the metric is left-invariant.

3. Conclusion:

The identification of SU(2) with §® and the fact that left translations are isometries (due to
orthogonal transformations) show that the standard metric on S is left-invariant under the

group operation of SU(2).

Thus » the standard metric on  S*is left-invariant when S®is identified with the group
SU(2) - as required by the group structure of SU(2) °

§ BERZ Y S®
For S" of radius r(t) » the metric is given g = r2§ » where 6 1S the metric on the unit

o

sphere ° The sectional curvature are all

The metric of unit 3-sphere * g = ds? = dy? +sin® w(d6? +sin® 6d¢?)
And of 3-sphere with radius r=r(t) > g =ds* = r’dy* +r’sin® y(d@* +sin’ 6d ¢°)
g=r’g

For a n-sphere * Ric(g)=(n-1)g * so the Ricci flow equation becomes a ODE -

ag - 5 27 - dr2
B — 2Ric(g) = 2 (r’g) =-2(n-1)g = — =—-2(n—1
P ic(g) at(r 9)=-2("-Dg = (n-1)

r’ =R,>—2(n-1t
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R ) . ) )
rit)=yR,>—-2(n-t »as t— 5 (no—l) » the sphere shrinks to a point(a singularity) °

Where n=3
Similarly » for hyperbolic n-space H"(n>1) - the Ricci flow reduces to the ODE

2
d Eirt ) =2(n—1) which has the solution r(t) =+R,” +2(n-1)t

So the solution expands out to infinity °

§ 06 2 EER
1. [Spacetime and Geometry] Ch3 EX08 and EX16

2. IxS? > g=A(r)dr®+r?d&* +r’sin’ 0d ¢

S* i 55— (& Riemannian manifold g =d&* +sin®dd¢* induced from R?

3. Wormhole metric by Ellis

¢’ ’= do*H p >+ n)( & AsinBdg where n is the drainhole parameter

4, ds® =—cdt® +dI” + (b +1?)(d#* +sin* 6dp’) by MT wormhole

5. Geometry of 3-Sphere  Garret Sobczyk  [What 1s a Pauli matrix]

Ex
Consider a smooth map f:S® —S?

(@) Let @ bea2-formon S? such that foa=1-
Show that there exists a 1-form 7 on S® suchthat fa=dgy
(b) Show that the value of the integral J.53 nAdn is independent of the choices of «

and 7 ° (Hence it depends only on f > and is called the Hopf invariant of f < )
(c) Show that the Hopf invariant of f depends only on the homotopy class of f ©
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