Given the fact that every vector field on S* must vanish somewhere(the Hairy Ball
theorem) » show that S* has no Lie group structure ©

1. Parallelizability - Lie groups are parallelizable * meaning their tangent bundles are
trivial © This 1s achieved by left-translating a basis of the tangent space at the
identity to all points © However, S?is not parallelizable due to the Hairy Ball
Theorem * which prevents the existence of a global non-vanishing vector field °
Hence * S? cannot be a Lie group ©

2. Euler Characteristic : The Euler characteristic 7 (S%)=2 o

For compact Lie groups ’ the Euler characteristic must be zero (as they admit non-
vanishing vector fields > leading to a zero index sum via the Poincaré-Hopf
theorem) © The non-zero Euler characteristic of S directly contradicts this
requirement °©

Conclusion : Since S®is neither parallelizable nor has Euler characteristic zero * it cannot
admit a Lie group structure °
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