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Theorem 4.1.37 (Hopt-Rinow). Let M be a Riemann manifold and q € M. The following asser-
tions are equivalent:
(a) exp, is defined on all of Ty M.
(b) The closed and bounded (with respect to the metric structure) sets of M are compact.
(c) M is complete as a metric space.
(d) M is geodesically complere.
(e) There exists a sequence of compact sets K,, ¢ M, K,, € K, 11 and |, Ky, = M such that if
pn & K, then d(q, pn) — oc.

Moreover, on a (geodesically) complete manifold any two points can be joined by a minimal
geaodesic. O

Remark 4.1.38. On a complete manifold there could exist points (sufficiently far apart) which
can be joined by more than one minimal geodesic. Think for example of a manifold where there
exist closed geodesic, e.g., the tori T7. O



