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(2) Lie derivative LY or Lo

(3) covariant derivative

X = ZX' S Y = ZY' x| is the flow a vector field X » Yisa C* vector
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Lie derivative of aform w

Xey(M)» Lio= Iting%((pt*a)—a)) :%(got*a))ho » Where ¢, is the local flow of X
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H. i1 covariant derivtive for vector fields

X = Zx' =Y = ZY' EUVXY:Z(XYi+ZF2kXJYk)%
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Covariant derivative of a 1-form o

V0= Z(Xa) ZFKX‘a)k)dxi BV 0, =0,0,-T, 0,

{540 metric compatibility <V g, =0
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1. Li(oan)=(Lio)Arn+on(Lyn)
2. d(Lyw)=Ldo

3. Liw=ydo+d(,w)

4. Liyo)=y 0+yLo
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Prove
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§ Cartan magic formula L o=t dw+d(, o)

A& interior product(interior derivatve) » 21 exterior derivative
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X=F—+G—+H— > volume form @=dv=dxAdy Adz
ox oy oz

oF oF oF
L dx=d(L,X)=d(XX)=dF =—dx+—dy+—dz
X (Lxx) =d(Xx) o Y y+—

Then
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L,dv=L, (dxAdydz)=(L,dx) Ady Adz+dx A (L,dy) Adz+dx Ady A (L, dz)

— (L Py = (divx)dv
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A
do=d(dv)=0
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oF oG oH .
Firbld () = (& +E +E)dx Ady A dz=(divX)dv

FrTeEfY interior product {3 &L

1, (dx, AdX,...A DX ) = Z(—l)HerX1 A AOX AL AOX,

r=1

B dx, TR dx, g

N n=FdyAdz+Gdz andx+HdxAdy EfF:1E
dry = (divX)dx n dy A dz = L, dv i ISR » 55 7 = 0

2.
[Elementary Proof of the Cartan Formula]

3. JEA

X is a Killing vector field < L,g=0

(Lxg)(ZaW) = g(VZX,W)+g(Z,VWX)

X is a harmonic vector field < dX® =0 and div X=0
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