§ Killing vector field

Wilhelm Killing 1847-1923

(M, g)is a Riemann manifold °
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A vector field X is a Killing field L,g=0 -

CRIEFLESR » g £ X JT Y5 858=0 > ATl g 7EE(E )5
[ B B IR IEER E Lie derivative © )

B —f#E 92 covariant derivatuve » FH T HYES -
In terms of the Levi-Civita connection ° that is

'

a(V, X,Z2)+9(Y,V,X)=0 forall vectors Y and Z °
Or V K"=-V K in]ocal coordinates °
A vector field K =K*d, onM is said to be a Killing vector field if the infinitesimal

displacement @:x* — x* +&K* generates an isometry °

Show that this is the case » if X*0,9,,+9,X"g,,+0,X"g, =0
These are the so-called Killing equation °

Show that the Killing equations can be written as Ly g, =V X, +V, X =0
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In GR - the word symmetry 1s associated to that of 1sometry  that is a spacetime
diffeomorphism that leaves the metric invariant °

A one-parameter continuous 1sometry 1s linked to the existence of Killing vectors ©
Much of the activity in the area related to using symmetries to solve Einstein equation or
the equations of motion of other systems has been directed towards finding metrics
admitting Killing vectors ©

Hidden Symmetries of Dynamics in Classical and Quantum Physics by Marco Cariglia

Killing tensors are not related in a simple way to symmetries of the spacetime ° but they
will simplify our analysis of rotating black holes and expanding universes °©


https://arxiv.org/abs/1411.1262
https://arxiv.org/a/cariglia_m_1.html

§ S?_FmY Killing vector field

w (0, 7)x (-, 7) = S* given by w(6,p)=(sindcosp,sinGsin p,cos )

Parameterizes a neighorhood of the point (1,0,0) = 1//(%,0)
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isometry and a Killing vector field that preserves the metric > i.e. L,g=0

The flow of i=x£—y2 is ¢, =(xcost—ysint,xsint+ycost,z) > and the
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But 9 = CO0S 9COS(/)£+ cosésin goi—sin 6’2 1s not a Killing vector field °
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Killing vector fields give the infinitesimal isometries of a manifold M * here the sphere
S

Xy, X,, X5 BIiE Lie algebra so(3) 4SS /N E A% T (infinitesimal generators)

[Xi, X I=gy X, » & F# Ry Levi-Civita symbols
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We expect S° to have symmetry under the action of SO(3) ©
Z=-y0,+X0,=0¢ » X=-20,+Y0, » let [ZX]=20, +%0, =Y
Then [X,Y]=2Z,[Y,Z]=X

Span{X, Y, Z} = Lie algebra so(3)
X ~ Y ~ Z are the Killing fields that generate so(3) °

Since Lixy; =Lk, —L,Ly =0 > we can find a third Killing vector by taking the

commutator of the first two > given that X and Y are independent Killing vector fields >
ie. [X,Y]=0



(2) Let R? be equipped with the standard flat metric dx? + dyz. Restricting it to the
suitable domain R? \ {(x,0) € R? | x < 0}, we may rewrite it using polar coordi-
nates (r,6), and dx? + dy2 = dr? +1r?d6> Sodpisa Killing field, and the isometries
it generates are the rotations around the origin, given by the matrices

cosf —sinf
sinf cosf |’

as 6 ranges over [0, 27/.

The Lie algebra elements X > X, € so(3) (bottom) generate the Killing fields x, % on M
(top) through their Lie algebra action ©
Like the matrices X, - the Killing fields X, are linearly independent * forming a basis

of the Lie algebra of Killing fields on S* ©

That is > as we can expand X =aX, +bX, +¢cX; > we likewise get

X = ax, +bx, +Cx, > where the latter means point-wise addition of vectors in each T xM
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Proposition

Let X » Y be two Killing fields » then [X > Y] 1s also a Killing field °

Thus the space of Killing fields is a Lie algebra > denoted by iS0(M, g) - In particular °
. . ) } 1

we see that the dimension of 1s0(M,g) 1s at most M °

Proof

Just directly compute  Liy < >= L, (L, <->) - L, (Ly<,->) =L, (0)-L,(0)=0

Example
Consider the usual Euclidean space (R®,dx® +dy?® +dz*) > there are at most 6 linearly

independent Killing fields °



e Ti(x,y,z) = (x+5,y,z) is a 1-parameter family of isometries, since we have
that DT,(x,y,z) = Idgs. Thus

d d
T S=DTS(J‘¢,y,z) =% =D(x +5,Y,2) = 0y

E

is a Killing field (we already knew that). Similarly we recover that d, and 9.
are Killing fields.

* We have three 1-parameter families of rotations, around each axis, and the
associated Killing fields are given by:
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and similarly:
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Proposition

Proposition. Let ¢ be a Killing field of constant length. Then the integral curves of & are
geodesics of (M, (-,)).

Proof: The hypothesis says that X(¢,¢) = 0 for all X € X(M). But this equals
2(Vx¢,¢) = 0, and it follows that Vx¢ is always orthogonal to §. Now, Killing’s equa-
tion reads 0 = (Z¢(-,))(5, X) = (V8 X) + (8, Vx&) = (Vg X). Non-degeneracy
of the metric finally says that V¢ = 0, as wanted. O

Proposition. For any Killing field ¢, we have div ¢ = 0.

Proof: The right side of coordinate expression g’f i = gl gi,j for the divergence of ¢ is
both symmetric and skew-symmetric in i and j, hence vanishes. O
Remark. Another proof is noting that div & is the trace of the skew-symmetric endo-
morphism V¢.



With this, we can try to understand one more question: when are Killing fields
gradient fields?
Proposition. Let ¢ be a Killing field and assume that § = grad f for some smooth function
f:M—=R. Then V= 0and Af =0.

Proof: In the conditions of the statement, we have that (Vx¢,Y) = Hess(f)(X,Y)
for any vector fields X,Y € X(M). This is skew-symmetric in X and Y since V¢ is
skew-adjoint. On the other hand, it is also symmetric, since torsion-free connections
produce symmetric Hessian tensors. So (Vx¢,Y) = 0 for all Y implies that Vxg = 0
for all X, and so V& = 0. On the other hand, since Hess(f) = 0, taking the trace we
obtain A f = 0 as well. O

Proposition. Assume that M is compact, Riemannian and oriented. If & is a Killing field and
there is a smooth function f: M — R such that { = grad f, then f is constant and § = 0.

Proof: We have that A f = divgrad f = div & = 0, so that’
A(f?) = 2f Af +2||grad f|I* = 2]2]1%,
and thus
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as wanted, where () follows from Stokes” Theorem and the general divergence ex-
pression” in terms of the volume form dM: d(ixdM) = (div X)dM for any vector
field X € X(M). a

Proposition (Kostant formula). If & is Killing, then Vx(V¢&) = R(X,§), for all fields
X € X(M).

% Ivo Terek p.7

Corollary. If { is a Killing field and «y: [a,b] — M is a geodesic, then € restricts to a Jacobi
field along ~y.

Proof: Compute:
! ! ! DZ‘:"
R(Y, &)Y = (V'r’(v'g))'}’ = Vry’v'y’g - Vv,r!'}'!‘:: = dar’

using that V7" = 0.

theory of cosmic inflation  Alan Guth1947-

Notes on Killing fields Ivo Terek

Exercises of Killing field

PN Pe

The principle tool for imvestigating the isometries of a metric is the Killing
vector field - No matter the coordinate system in which the metric is cast » its

set of Killing vectors (modulo coordinate transformations) will be the same -


https://www.scientificamerican.com/custom-media/biggest-questions-in-science/the-founder-of-cosmic-inflation-theory-on-cosmologys-next-big-ideas/
https://zh.wikipedia.org/zh-tw/%E9%98%BF%E5%85%B0%C2%B7%E5%8F%A4%E6%96%AF
documents/NotesOnKillingFields.pdf
https://www.researchgate.net/profile/Ivo-Terek
documents/Exercises(Killing).pdf

[Redshift and Killing vectors]

Why are Killing fields relevant in physics?
6. Noether Symmetry vs Killing vectors and Isometries of Spacetime

7. There are no unit Killing vector fields on even-dim spheres S*"(C)

However » there are odd-dim spheres S (C) as well as odd-dim ellipsoids ©
Exercises

1. Consider the Killing vector fieldson M =S? with metric g =d@* +sin’ ddg® -

K,=0, » K,=-singd, —cotdcosgo, * K, =cos¢d, —cotdsingo,
Verify that they satisfy the Killing equations ©
2. Forthe metric ds® = A(z)?(—dt? +dx*+dy®) +dz’

X = ﬁ Y :=% are Killing vectors °

T:=2,
ot oX

Hint check that (L.9), =X*0,9,, +9,0,X”+g,0,X” =0

3. For any Killing field & » divé=0

Proof: The right side of coordinate expression ¢’ i = gl Gi;j for the divergence of ¢ is
both symmetric and skew-symmetric in 7 and j, hence vanishes. ]

Remark. Another proof is noting that div ¢ is the trace of the skew-symmetric endo-
morphism V¢.

4, If ¢ isKilling then > V4 (V&) =R(X,¢&) forall X

5. Show that any Killing vector K* satifies (1)V,V, K" =RZ K" (2) K*V,R=0

Hint (1) derivatives of Killing vectors (2) along with the Bianchi identity and
Killing equation and (1)


documents/RedshiftandKillingVector.pdf
https://physics.stackexchange.com/questions/225436/why-are-killing-fields-relevant-in-physics
documents/Noether_Symmetries_Versus_Killing_Vectors_and_Isom.pdf
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Proposition. Let & be a Killing field and assume that § = grad f for some smooth function
f:M—= R Then Vg = 0and Af = 0.

Proof: In the conditions of the statement, we have that (Vx¢,Y) = Hess(f)(X,Y)
for any vector fields X, Y € X(M). This is skew-symmetric in X and Y since V{ is
skew-adjoint. On the other hand, it is also symmetric, since torsion-free connections
produce symmetric Hessian tensors. So (Vx¢,Y) = 0 for all Y implies that Vx¢ = 0
for all X, and so V¢ = 0. On the other hand, since Hess(f) = 0, taking the trace we
obtain Af = 0 as well. ]

Proposition. Assume that M is compact, Riemannian and oriented. If ¢ is a Killing field and
there is a smooth function f: M — R such that §{ = grad f, then f is constant and ¢ = 0.

Proof: We have that A f = div grad f = div ¢ = 0, so that®
A(f?) = 2fOf +2llgrad £ = 2[|Z]1%,
and thus

(*) 2 _ 2 _ _
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as wanted, where (x) follows from Stokes” Theorem and the general divergence ex-
pression® in terms of the volume form dM: d(ixdM) = (divX)dM for any vector
field X € X(M). O

Let M be a compact Riemannian manifold of even dimension whose sectional

curvature 18 positive ° Prove that every Killing field X on M has a singularity (there

exists a P € M such that X(p)=0)
Hint: Let f: M — R be the function f(g) = (X, X)(q), ¢ € M,
and let p € M be a minimum point of of f (Cf. the previous
Exercise). Suppose that X(p) # 0. Define a linear mapping
A:T,M — T,M by A(y) = AxY = VyX, where Y is an
extension of y € T,M. Let E C Tp,M be orthogonal to X(p).
Use the previous exercise to show that A: E — E is an anti-
symmetric isomorphism. This implies that dim E = dimM -1
is even, which is a contradiction; thus X (p) = 0.
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§ Isometry ZEEF[F]fH

(M, g) is a Rieannian manifold with Levi-Civita connection V

#:M —M is an isometry < ¢°9,,) =9,

g¢(p)(¢*xl¢*Y):gp(xiY) fOf aﬂ X,Y ETPM



« AP
XY 4, P =3,.(p)
Where the diffeomorphism ¢ is an isometry (5FEm GR FHAHYZFEERE) - preserve the

metric °
The flows generated by Killing fields are continuous isometries on the manifold ©

Or 1n coordinates

Isometries naturally form a group ©

A Killing vector satisfies V ,,,=0 > and that implies that K, p”is conserved along a

geodesic ° p”is a 4-momentum °
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X=-oy—fX—=— v=2 oy ccm;é + c@®s $J?n—
& y
g =dx* +dy* +dz* =d&” +sin*6dp°

(Lx9),, =X*0,9,,+0,X"9,, +0,X°g,,
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(L 9),, =0,(L,9),, =2sinfcos & - fiTLL X /& Killing field » Y A2 ©
§ Lie derivative of a differential form

X:Xja—8J = coda)
X

Then Lyw= (X' gi):‘ a@i do+d(,w) 1%ETH Cartan magic formula
Bl X = F£+G£+ H g,a):dv:dXAdy/\dz
OX oy oz

L,dx=d(Xx) = dF_a—Fdx ﬁdy a—Fdz
OX oy oz



L, dv =(L,dx) Ady Adz+dx A (L, dy) Adz+dx Ady A (L, dz)
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_(&+E+E)ﬂv_ div Xy
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