For any Killing field K » prove that divK=0

1. Killing equation
A Killing vector fieldK satisfies V_ K, +V, K, =0, which is the condition for K to
generate 1sometries (metric-preserving transformations).

2. Contraction with metric
Contract both sides of the Killing equation with the inverse metric g

gab(vaKb +VbKa) =0
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Using the symmetry g* =g™ - this simplifies to 29*V,K, =0
3. Divergence as trace

The divergence of K is defined as divK =V,K* = g*V,K,

From the constracted equation : g*V,K, = divK =0

4. Alternative Interpretation: The antisymmetry V, K, = —V K, implies V, K} is antisymmetric.
Contracting a symmetric tensor (g2°) with an antisymmetric tensor yields zero, confirming
divK = 0.

A vector field K 1s a Killing vector field 1f 1t satisfies the Killing equation -

VK +V,K =0

The divergence of a vector field K is given by div(K) =V K* > this can be written as
div(K) =gV K,

From the Killing equation > we have V K, ==V K,

div(K) = 9" (V,K,) = 9" (-V,K,)

Since g*” is symmetric and V K, is antisymetric » their contraction is zero

9"V, K, =-g"V K,

Butg“'V K, is equal tog“*V K, because the indices are dummy indices and can be

relabeled ° Therefor g*'V K, =—-g“'V K, - this implies 29"V K, =0



Hence divK=0
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Laplacian Af =3 Fval £ Manifold = AFRRERESEH EANEE - NIEESE

A =div(grad)
1F Manifold M I+ grad f & —{E[m&35 > RS E S/EANHE < gradf (x),v >=df (v)

Div HYEFHEH L, (dv) = (divX)dv EFE div X

Hodr L, 2 Lie derivative » dv =dx' A...AdX" && volume element
BN WL ST divergence HYSS—TE g divX =tr(VX)
1E/RIF I Laplacian f :=div(grad f)

Let & be a Killing field and assume that & = gradf for some smooth function
f:M —>R Then V&E=0 and Af =0

We have that (V&Y )=Hess(f)(X,Y) forany vector fields X,Y € z(M)

This 1s skew-symmetric in X and Y since V& 18 skew-adjoint ©
On the other hand > 1t 1s also symmetric > since torsion-free connections produce
symmetric Hessian tensors ©

So (Vy&Y)=0 forall Y implies that V,&=0 forall X > andso VE=0

On the other hand > since Hess(f)=0 - taking the trace we obtain Af =0 as well °



