§ FHEEHST (covariant derivative)

If Xand Y are vector fields in Euclidean space * we can define the directional
derivative V,Y of YalongX - This definition > however - uses the existence of
Cartesian coordinates > which no longer holds in a general manifold -

Definition

Let M be a differentiable manifold - An affine connection on M is a map
Viy(M)x y(M)— y(M)such that

1. V,..,Z=fV,Z+gV,Z

X+gY
2. V,(Y+2)=V,Y+V, Z

3. V, (fY)=(X-f)Y+fV,Y

Forall X,Y,Ze y(M)and f,geC”(M,R)(sometimes V,Y =V(X,Y))

The vector field V,Y is known as the covariant derivative of Y anng X o

X = ZXI&xi Y = ZY'—I then V,Y = Z(XY +Zr‘lkxw )
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§ Covariant derivative of @ along X
Let V be an affine connectionon M < If @eQ'(M) and X € (M)  we dfine

the covariant derivative of @ along X by
V,oY)=X-(oY))—ao(V,Y) forall Y e y(M)

1. Vg qo=1tV,0+gV,0



2. Vy(o+n)=V,0+Vn
3. Vy(fo)=(X-flo+fV,w forall XY ey(M);f,geC”(M);0,n7cQ"(M)
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p = (cos)q+(sinp)e;,q = (cosB)e, + (sinH)e, X &
/NEIT B3P &=

Y =(-sin@)q+(cos p)e,

<z

X = S—Z = C0S ¢(—sin fe, +cosbe,)

(HafJEE q=[cosd,sind,0],

p =[cos & cos ¢,sin 8cos ¢,sin ¢])

V,Y =(D,Y)" :(2—2)T = (-sin (pj—g)T = (sin psin Ge, —sin pcosde,)"
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