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§ 1-2 EEfFmEH = {(X, y)eR?|y > O} with the metric given by
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V, 1s the tangent vector at the point (0,1)
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Fig. 14.5. Parallel translating v along a closed piecewise smooth geodesic.
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Parallel transport of a vector around a triangular path POQRP on the

surface of a sphere °

The final vector will be rotated w.r.t.the initial vector °

The angle of rotation depends on the size of the loop * the path
chosen - and the curvature of the manifold °
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Figure 4: Left: two free-falling particles move along initially parallel paths towards the center of
the Earth. There, both paths intersect; right: lines that are initially parallel on the surface of the

Earth at the equator, intersect at the North pole.
P and Q > and we observe that both particles follow paths that lead to the center of the

Earth °
From the perspective of the observer that 1s in free-fall with the particles * we see that the



particles move towards each other ©

This 1s caused by the differential gravitational accerleration of the particles through what
are called tidal forces ° [tidal force]

According to Newton both paths interact because of gravitation * while according to
Einstein this occurs because spacetime 1s curved ©

What Newton calls gravitation 1s called
curvature of spacetime by Einstein °

The trajectories of two free-falling particles
in a gravitational field @ -

The three-vector &measures the distance

between the two particles and 1s a fuction of
” time °

The Newtonian equations of the motion for
particles P and Q are

((P?) :—(d—@J) and ((P?) :—(,()—q;) , (1.42)
] () 0 / (p) 4 /@) 0 ] (@)

with @ the gravitational potential. We define € as the separation between both particles.

For parallel trajectories one has % = 0. With £ = (2;)(py — (%) gy We find from a Taylor

dt
expansion that to leading order in the small separation 5
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with £ the gravitational tidal tensor. Notice that the metric for the 3D Euclidian space is
given by 9, = diag(1,1,1) and that there is no difference between lower and upper indices.
Eq. (1.43) is called the equation of Newtonian geodesic deviation.

According to Newton, particles moves towards each other and we write
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(1.44)
in abstract notation. It is interesting that the field equation of Newtonian gravitation,
V2@ = 47Gp, (1.45)

can be expressed in terms of second derivatives of ®, which describe the tidal accelerations
in Eq. (1.43). There is an analogous connection in GR.
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§ 1-5 Proposition

1. VEHE<SHZE < C & smooth curve X ~ Y &1F C E TR ESS HI
<X, Y>=constant

2. On a Riemannian manifold M parallel translation preserves length and inner
product -

If V(t) and W(t) are parallel vector field along a smooth curve c:[a,b] > M > then the

length |V (t)] and the inner product (V (t),W (t))are constant for all t<[a,b]
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Proof. Since ||V (t)|| = /(V(1),V (1)), it suffices to prove that (V(t),W(t)) is con-

stant. By the product rule for the covariant derivative of a connection compatible
with the metric (Theorem 13.2),
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since DV /dt = 0 and DW /dt = 0. Thus (V(t),W (t)) is constant as a function of 7.
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Leon Foucault(1819~1868) Gregorio Ricci(1853~1925) Levi-Civita(1873~1941)*

Leon Foucault(1819~1868) ~ Gregorio Ricci(1853~1925) ~ Levi-Civita(1873~1941)
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9. From the geometry of Foucault pendulum to the topology of planetary waves

Pierre Delplace Antoine Venaille [ResearchGate]
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