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Example

1. S?:X =(acosusinv,asinusinv,acosv) * compute the Gauss curvature K
X, =(-asincosv,—asinsinv,acosu)
X, =(—acosusinv,acosucosv,0)
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2. Hyperbolic plane g = % (dx ® dx +dy ®dy)

Compute the Gauss Curvature K
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The Gauss curvature is K =—g((?,,0,)9,,0,) = y* (_F) =-1

3. Helicoid (¥EhEphmE)
X (u,v) = (ucosv,usinv,v) , p=+1+u?
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Exercise 2.8

(1) Let{Xy,..., X,}beatield of frames on an open set V of a Riemannian manifold
(M, (-, -)) with Levi—Civita connection V. The associated structure functions
CS are defined by

n
[Xi, X;]= Zcf}xk.
k=1

Show that:
(a) Cj-k =T - r;;j;
) Ty =33010" (X gu + Xk - gji — Xi - gjk)
H3CT 3 X et 0 (90 Gl + 9n C):
© do' + 537 Chywl AWk =0, where {w!, ..., w") is the field of dual
coframes.

(2) Let{X1y,..., X,}beatield of frames on an open set V of a Riemannian manifold
(M, (-, -)). Show that a connection V on M is compatible with the metric on V
if and only if

Xi - (Xi, Xj) = (Vx, Xi, Xj) + (Xi, Vx, X )

foralli, j, k.

(4) Determine all surfaces of revolution with constant Gauss curvature.



(5) Let M be the image of the parameterization ¢ : (0, +00) x R — R? given by
w(u, v) = (ucosuv, usinv, v),
and let N be the image of the parameterization 2 : (0, +00) x R — R3 given by
(u, v) = (ucosv,usinv, logu).

Consider in both M and N the Riemannian metric induced by the Euclidean
metric of R®. Show that the map f : M — N defined by

fle(u,v)) =v(u,v)

preserves the Gauss curvature but is not a local isometry.

(6) Consider the metric
g=AXr)dr @dr +r’do ®@do + r’sin’ 0dyp @ de

on M = I x S2, where r is a local coordinate on I C R and (0, ) are spherical
local coordinates on S2.

(a) Compute the Ricci tensor and the scalar curvature of this metric.

(b) What happens when A(r) = (1 _,.2)—{ (that is, when M is locally isometric
to §3)?

(c) And when A(r) = (1 + rz)_% (that 1s, when M is locally isometric to the
hyperbolic 3-space)?
(d) For which functions A(r) is the scalar curvature constant?

(7) Let M be an oriented Riemannian 2-manifold and let p be a pointin M. Let D
be a neighborhood of p in M homeomorphic to a disc, with a smooth boundary
dD. Consider a point ¢ € dD and a unit vector X, € Ty;M. Let X be the
parallel transport of X, along D in the positive direction. When X returns
to g it makes an angle A# with the initial vector X,. Using fields of positively
oriented orthonormal frames { E1, Ep} and { Fy, I>} such that F; = X.show that

AQ:/K.
D

Conclude that the Gauss curvature of M at p satisfies

Kp) = L%l—lyp vol(D)



(8) Compute the geodesic curvature of a positively oriented circle on:

(a) R2 with the Euclidean metric and the usual orientation:
(b) $2 with the usual metric and orientation.

(9) Let ¢ be a smooth curve on an oriented 2-manifold M as in the definition of
geodesic curvature. Let X be a vector field parallel along ¢ and let # be the angle
between X and ¢(s) along ¢ in the given orientation. Show that the geodesic
curvature of ¢, kg, is equal to %. (Hint: Consider two fields of orthonormal frames (£}, E2} and
{Fy, Fa} positively oriented such that £ = ]T%]T and F| = é).



