§ Cartan structure equation

Afield of frames {X,, X,,..., X, }, X, =%
X

A field of dual frames {&',@’,...,@"}
Levi-Civita connection V,Y » V, =>"TiX,
k
X :ini,v :ZY‘i then V,Y =) (XY +Zr‘.k)i
i 8X' i 8X' i ik ! 8X'
Riemannian curvature tensor R(X,Y)Z=V,V,Z-V,V,7Z -V, Z
Definition @)} :Z:F:}a)i or I'f =w{(X,) then
1. do =Z:a)j e
J
2. dg; =) (9o +9,0)) if g;=5; then o' +w|=0
k
3. Ql=do/ —Za)ik N2
k
(2)(2)(3) is called Cartan structure equations
o =[] is called connection matrix °

Q= [Qij] is called curvature matrix °

Where V,e,=> | (X)e > R(X,Y)e; =D O\ (X,Y)e

a,fB are c” 1-forms > then

(a A B)XY)=a(X)B(Y)-a(Y)B(X)
(da)(X,Y)=Xa(Y)-Ya(X)-a(X,Y])

( Definition : Let M be a smooth manifold -

Given a k-form @ in M we defined its exterior derivative dw
k+1 A

do(Xy, Xy Xiia) = Z('l)i_lxi S O(Xy s Xy Xiy) +Z(_1)i+ja’([xi’ XL Xy X Xy Xi4)
i=1 i<]

Where the hat indicates an omitted variable - )

Then prove Q) =dw/ —Za)ik N,
k

Let X and Y be smooth vector fields on U - Then



vV, Ve, :VX(Zk:a);‘(Y)ek)

=;Xw,-k(Y )Bﬁgw,-k Y V8 (V (FY)=(XF)Y +fV,Y Leibniz rule)

=2 Xwj(Y) wizkwk,- (Y (X
Interchange X ~ Y gives V,V,e, =Y Y, (X)e; + > ol (X)ae,

i i
Furthermore Vi yj€; = Za)}([X,Y])ej
Hence R(X,Y)e; =V,V,e, -V, V e, =V,
= (X[ (Y) =Y o, (X) - ([X,YD)e, + (e (X) @[ (Y) — oy (Y) o[ (X))e,
=da|(X,Y)e + @ Al (X,Y)e
= (da)} +) /\a)jf)(X,Y)ei
Then Q! =do! -> o ro)
7

Theorem

If M is a 2-dim manifold - then for an orthonormal frame Qf = -Ko' A @°

Where K is the Gauss curvature of M

Cartan structure equation HY2&{a[Z & o] » HIL—R ¢

l. do'=0'rd) +7) SV, Y-V X -[X,Y]=2(X,Y)

2. Ql=do) —af ne) [V, V12~V Z =R(X,Y)Z



