Let (M,g) be a Riemannian manifold °
(a) Write down the definition of Levi-Civta connection V
(b) Let {&} be alocal frame of the tangent bundle induced by a coordinate chart - Write

T and prove that V.e =Tje

down the definition of Christoffel symbols
(a) The Levi-Civita connection on a Riemannian manifold IM,g) is the unique affine
conection that is torsion-free and metric compatible °
1. Torsion-free : V,Y =V, X =[X,Y] for all vector fields X * Y
2. Metric compatible : Vg =0 or equivalently > X(9(Y,2))=9(V,Y,2)+q(Y,V,Z)
for all X,Y,Z °
(b) Christoffel symbols HYFESE B &=
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Let {e;} be the local frame induced by a coordinate chart (U, z'), so e; = % The covariant

derivative V., e; is defined by its action on the coordinate basis:
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where I‘g‘;- are the Christoffel symbols of the connection. Substituting e; = 57; and e}, = a% this

becomes:

_ Tk
Vee; =Tjep.



