Differential Forms
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w=3dx 1is a k—form’thendwzﬁdx Adx
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—. f:R" >R is a 0-form then

o :%dx J:Z_i@( +2_fydy +Z—fzdz JHME (grad) is a 1-form

“.w=adx' is a 1-form then

da):(a—ai.dxj)/\dxi is a 2-form
ox’
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It is easy to check do=0
If exists a O-form ¢ such that w=d¢
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’i(tan‘lz): L (-

X2 +y°

Note that (tan™ x)'=—— :
1+x dx X" 14 (X)z X
X

_ X '
p=tanLin(y) » o =—=+h(y) > ~h(y)=0
X X2 +y

y

p(x,y)=tan™" e isn’t defined at y-axis/{O}

So @ isclosed > but not exact in RZ/{O}

Poincare lemma :

M is a contractible smooth manifold then every closed form is exact °

HfE

dyadz dzadx dxady
1. Check (Adx+Bdy+Cdz)A(Pdx+Qdy+Rdz)=| A B C
P Q R

2. & 1form » 3BH do(X AY)=XoY)-Yao(X)-o(X,Y])

AilEA —EE
#in = p(dy Adz) +q(dz A dx) + r(dx A dy)
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X(@-Y)=Y(@-X)-o-[X,Y]= U u1v2)8y+(u

o o

0z oy
=ut u* U} |=do-(XAY)
viovi e

w= Zhdx » X = Zx‘ Y=>Y—

EUw(X)=ZhiX',a)(Y)=ZhiYi

oo O

X, Y]= Xy'-yx'

[X,Y] Z( )8x

H = hdx"* > HI

o(X)=hX*, oY) =hY* » da):dh/\dx"zzg—hidxi
X

Xa)(Y)=ZX' -(hy*) = Z)((haYk +Y* ah)

axk

Ya)(X)=ZY' -(hX*) = ZY (h

XaoY)-Yo(X)= hZ(x'ik—Y'axk

Xk—.
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=o[X,Y]+dao(X AY)
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_yg_z 0 ) Y=Z£—X£ » w=yder —xdz
oz oy oXx oz
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As an exercise:
If 7= p(dyAdz)+q(dz Adx)+r(dx Ady)
. 0 , O 3 O

X :ulg+u2§+u3g Y =vt— v v
OX oy 0z OX oy 0z
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2 3

Then n-(X AY)=u" u
vV e
Now check the formula
dw=dyNdx —drNdz

0 1 -1
dw(XAY)=|0 —z y|=2z2(y—2)
z 0 -z
0 0
w(X) = (ydx — xdz) (yg — za—y) = —xy

B d 9\ 2
w(Y) = (ydx — zdz) (z; - xa) =yz+x

w([X,Y]) = (ydz — zd2) (ya% ~ m@%) _

Xuw(Y) = (yi — zi) (yz—l— m2) =qf =22

oz oy
0 7]
Yw(X) = (z% — wa) (—xy) = —yz

Xw(Y) —Yw(X) —w(X,Y]) = 2(y — 2)
It has been checked-

9, 0, 0,
XANY=|0 -z vy
z 0 -z
dw(X AY) = (dy Adz — dz A d2)(X AY) = (—dz A dy) + dz A dz) (220, + yz0, + 2°0,) = —2° + yz

Note that (dzAdy)d,=1,(dxAdy)d, =0

§2 Lie derivative of differential form @ along X

an):%(got*a) Lo =Zj: Xh, dx’ +Zk:hkka
1. d(w+n)=do+dpy
2. d(@an)=doAn+(=D)*(oAdny)
3. d(dw)=0

4. @:R" —>R" > then d(¢p'w)=¢ (dw)

5. L, (dw)=d(L, )
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6. Lio(Y)=Liao(Y)-ao(LY)

How about the computation of L, g > where gis the metric - For a Killing vector

field X » L,g=0

§3 pull-back a form
Example
X=rcosé,y=rsind

dx =cos@dr —rsin6gdéo
dy =sin@ddr +rcosfdéd
Then dxaAdy=rdrAdé

1 0
ds® =dr? +r*do* (g”):(o rzj

dA=/detg;drnd@=rdrAnd@

R? 5R? (x
Y)—>(r,0)
dxrn d dA= rdv @

@ 'dA=dx Ady

§4 Spherical coordinates
X=rsin@cosp,y=rsindsing,z=rcosd

Then ds® =dr?+r’dé&” +r?sin” d¢p°

1 0 0
(g”): 0 r? 0
0 0 r?sin’@

The volume form dV = /detg;dr ndOAde=r?sinfdr Add Ade

§5 £:°% RG1202stokes
w = Xdy A dz + ydz A dx+ zdx A dy

ko= HEQREELE  S*=00
SZ



