§ Flows

1. A flow of a vector field
p:U->M g(p)=yt)te(-sc¢)

dlp(p) _dy _ |
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Then % =C, ¢ = Acost+Bsint, ¢ = Asint—Bcost

A > B> C arefunction of p=(xy z)

And Q)O(X, Y, Z) = (X, Y, Z) » 50 C=x ’» A=y » B=-z

Fr L @ (X, Y, Z) = (X, ycost —zsint, ysint +z cost)
X 248 x HijEEEY A8 0 & Killing vector field ©

V.I.Arnold
M phase space : position velocity

fifi x=p(0) » L=V X=v(L0) AP = V()
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For v(x)= a|t:0 (g'x) - the phase velocity vector field » the phase flow is the one-

parameter diffeomorphism group °
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(.p= kp with @, =id fi#H @ =xe" » Sothe phase flow is the group {Xekt}

1. Find the phase flow of (1) x=1 (2)x=x-1 (3)Xx=sinX,0<X<7
2) a()=a(0-1 > () =x

o, (X)=€e"+1> g (x)=e"+1=x > e =x-1
Frll g'x = ¢, (X) = (x—1)e' +1

(3) E%%?%%ﬂjcscxdx=—In|cscx+cot X|+c=-In

X
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cot%‘znc ’ cot%:e‘“rc by @,(X) =X

@, (x) = 2arccot(e™* x tan g)
2. Find the phase flows of the systems
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)’ =1 g’ =y+t for g,(X,y)=(XY)
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=gl =y+t > {Efwtlzty+§t2+x

FLLG (X, Y) = (&, ¢7) = (X+ty+%t2. y+t)

(3)g'(x, y) = (x+tsiny,y)
Q : 55— smooth vector field &—{f flow 3 phase velocity vector field ?
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X = Xz& sk x = X2 (IREST LR with initial condition X(0) = X, # 0
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2. Euler-Lagrange flows
L:TM — R Lagrangian > u:[0,1] > M

The action of L » A(u) = [/ L(u(t),u(t))dt

R A HYEE Sy o uis a critical point <
4o
dt "ov

If M is compact ° the extremals(critical point) of A give rise to a complete flow

6'_ . . . .
8_u(u’ u)— (u,u))=0 > v=u (Euler-Lagrange equation)

¢ :TM —TM called the Euler-Lagrange flow of the Lagrangian °

The Euler-Lagrange equations for a hyper-regular Lagrangian L define a flow on M

This flow is carried by the Legendre transformation to the flow definedon T°M by

the Hamilton equations
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3. The flow of a Hamilton equations

The Hamilton equations are the equations for the flow of the vector field X, satisfying

iy, @=—dH



Hamiltonian flows preserve their generating functions - i.e. X F =0

Hamiltonian flows preserve the canonical symplectic form o

If ¢:T'M —>T'M is a Hamiltonian flow then ¢'w=w

Liouville theorem
Hamiltonian flows preserve the integral with respect to the symplectic volume

form -

@, :T"M —-T"M is a Hamiltonian flow and F eC”(T"M) is a compactly

supported function then J. Fop, = j F
T*M

T*M
4. Geodesic flow

M is a complete Riemannian manifold
}/(x,v) (O) =X

Yo (t) is the unique geodesic with .
7/(x,v) (0) =V

TM is the tangent bundle -

¢ TM >TM > (X V) = () (t)’j./(x,v) (t)) is a diffeomorphism
Then ¢_,(X, V) =(x,V) =identity
Then {¢} isaflow  with ¢, =d°d,

SM ={vjveTM™,|v|=1}

" geodesic travel with constant speed > ¢, leaves SM invariant ©
Thatis > given (X,v)eSM forallthen ¢(X,v)eSM -

The restriction of ¢ to SM is called the geodesic flow of g ©
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5. Ricci flow
4 M" x[0,T] 179 Ricci flow %g:—ZRic(g)
Gl

If Ric(g,)=A40, > 4 isaconstant - Then a solution g(t) of z—? =—2Ric(g) with
g(0)=g, isgivenby g(t)=(1-24t)g,

In particularly > for (S",g,) » we have Ric(g,)=(n-1)g, > so the evolution is

1
2(n-1)

g(t)=(1-2(n-1)t)g, and the sphere collapses to a point attime T =

6. A flow of a Killing vector field

c.f.
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§ Geometric flows

FERR T 58 (mT e > 2% (AT (geometric flow) t A Ry 26 AL TRE . » B— 2% (T
5 PIanER e B B —(EEH (embedding) YT L -

B

Mean curvature flow

Ricci flow
Calabi flow

Yamabi flow
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