§ 1 Divergence theorem to Green 1dentity
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Given two scalar function u(x) > v(x) » xeR"
F =uVv
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Green second 1dentity -
oV au
IQ (UAV—VAU)dV = LQ (u P —v%)ds
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U=x"+y>v=2>,Q:x*+y*+2°<1
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Note that spherical coordinates X =Sin@cos¢, y =sinédsing,z =cosé then
dS =sin@dad¢

§ 2 from R® to Riemannian manifold (M,g)
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In R®» divX =9,X' =

In (M,g) ° divx:vixi:aixi+r:kxk=ﬁai(1/|g|xi) » where F!ﬁﬁ@k 9|

Divergence theorem -



j y divX u = J' L where g is the Riemannian volume form e

If o=t pu then do=d(,u)=(divX)u - the divergence theorem is IM do= @

(Stokes theorem)
Lie derivative of the volume form L, g = (divX)u

§ Laplacian A
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In M,g) > A:=div(grad)

In R®» Af =

§ For a Killing vector field X > by definition L,g=0

In local coordinates Lyg,, =V, X"+V X*=0

uv
(The Lie derivative of the metric along a vector field X with componens X* is given by :

(Lx g)ij = Xkakgij + gikajxk + gjkaixk)
Take p=v then V, X*=0 ie.div(X)=0

Killing 515455 & 12 Killing 772V &, +V,&, =0 » EFra i R En

S pEE A (isometry) » B ZZ HRA R FERRER SR S8 4 -
PRI Killing vector field F7it 7 FFZ2 B - 40
(1) A timelike Killing vector (0, ) generates time translations ©
(2) A spacelike Killing vector (e.g., 0¢) generates spatial rotations » linked to
angular momentum conservation °

§ 3 RMEE
X is a vector field - A, : X ->V,W > where V,W is the covariant derivative of W

along X °
divX =tr(VX) » where VX s the Jacobian matrix °
n
Then tr(A) = j <A(X),X >dS - where S""isaunit sphere * and @, , isthe
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surface area of S"™

Let {&} be an orthonormal basis for R" -



The trace of A is tr(A)=>_(A(e,).€)  The unit sphere S"*is symmetric > so the

i=1

average of (A(X ), X ) over all unit vector X 18 proportional to tr(A) °
Specially : LM (A(X), X )dS =C-tr(A) > where C is a constant depentind only on n °

To find C » let A=I(the identity operator) » Then (A(X), X)=(X,X)=1

The integral becomes - LH dS=@,, e For A=l tr(A)=n>so @, ,=C-n=C= a)rf‘]‘l
Substitute C back > [, (A(X), X )dS = %tr(A)

tr(A) = —

[ (A(X), X )ds
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1. Let W(x,y,2)=(x%Y,2)

2x 0 0
Jacobian J, =] 0 1 O0}tr(J,)=2x+2
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Operator A © A(X)=J,, - X =2xX*+ X* + X3
(A(X), X) =2XX7+ X2+ X}
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Using symmetry > average over S° : Lz XS :? for1=1,2,3
So LZ(A(X),X)dS=4§(2x+Z)
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n
LH(A(X), X \ds = X+ =2x42=1r(3,)

n-1

The derivative matrix VX (Jacobian) 1s the backbone of the problem °

1. It defines the operator Avia A(X) = VxW.
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. Its trace gives the divergence, which is averaged over the sphere.

w

. The integral identity elegantly connects local (trace) and global (integral) properties of A.
. 3
2. F(x,y,2)=(yz,xz,xy) > compute and verify tr(A)= 4—]52 (A(X), X )dS
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Where X=(X,, X,, X;) isaunit vectoron S°*» A(X)=V,F=J,-X




Zy
0 x| »tr(A)=tr(Jz)=0
x 0

zX, + yX,
2. AX)=V,F=J.-X=|zX +xX,
yX, +xX,

(ACX), X ) =...= 22X, X, + 2yX,X; + 2XX, X,
3. Termslike X,X, are odd functions over S* > so Lz X, X,dS=...=0

[ (A(X),X)ds =0

The field F(z,y, z) = (yz, zz, zy) is curl-free (V x F = 0) and divergence-free, making it a

harmonic vector field in R?. Such fields often arise in solutions to Laplace’s equation V2F = 0.

Try repeating this for F(z, v, z) = (—y, x,0) (a rotational field) to see non-zero curl and a different

trace!
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in (M) » divX =0, X"+, X" :—5i(\/mx') > where Ty =—=—0,./|9|
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