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Definition 3.1 A point p € M is said to be a singular point of X if X, = 0. A
singular point is said to be an isolated singularity if there exists a neighborhood
V C M of p such that p is the only singular point of X in V.

Since M is compact, if all the singularities of X are isolated then they are in finite
number (as otherwise they would accumulate on a non-isolated singularity).

To each isolated singularity p € V of X € X(M) one can associate an integer
number, called the index of X at p, as follows:

(1) fix a Riemannian metric in M;

(i1)

(111)

(iv)

choose a positively oriented orthonormal frame {Fy, F2}, defined on V\{p}.
such that ¥
Fi = ——,
[l Xl

let {w!, @2} be the dual coframe and let 5313 be the corresponding connection
form:

possibly shrinking V', choose a positively oriented orthonormal frame { Ey, E3}.
defined on V, with dual coframe {w!, w?} and connection form wlz:

take a neighborhood D of p in V., homeomorphic to a disc, with a smooth
boundary @D, endowed with the induced orientation, and define the index IP

of X at p as
27rfp :/ o,
aD

2 wf is the form in Proposition 2.7.

where o := W)

Recall that o satisfies ¢ = d#, where € is the angle between E; and Fi. Therefore
I, must be an integer. Intuitively, the index of a vector field X measures the number
of times that X rotates as one goes around the singularity anticlockwise, counted
positively if X itself rotates anticlockwise, and negatively otherwise.



Example 3.2 In M = R? the following vector fields have isolated singularities at
the origin with the indicated indices (cf. Fig.4.1):

(1) X(x,y) = (x, y) has index [;

(2) Yx.y) = (=Y, x) has index 1;
(3) Z(x,y) = (¥, x) has index —1;
(4) W(_‘-_'},) = (x, —y) has index —1.

Theorem 3.3 (Gauss—Bonnet) Let M be a compact, oriented, 2-dimensional man-
ifold and let X be a vector field in M with isolated singularities py, . ... pr. Then

k
/ K=2r>"1, (4.7)
M i=l

for any Riemannian metric on M, where K is the Gauss curvature.

Bl sk X=(x*-3xy?, y>—3x*y)E (0 > 0) AYEE; do Carmo p.283
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v=(x*-3xy?, y*=3x%y) » x=cost,y=sint

|v|2 = (cos®t —3costsin®t)? + (sin®t —3cos® tsint)* =cos® t +sin® t +3sin®tcos’t = ...

V| =1 > FrLAz% cos®t —3costsin®t = cos p,sin®t —3cos’ tsint =sin g

il

—sin (p(jj—(t” =-3sintcos*t+3sin’t—6sintcos*t = —3sint(3cos’t —sin’t) .. (1)

cosyoc:j—(to:35in2tcost—30053t+63in2tcost:3cost(33in2t—coszt) (2)
(dd—(tp)2 =9sin’*t(9cos* t +sin* t—6sin®tcos’t)
+900s @sin “tess “tBsin 0§ ) °t
=81sin’tcos’ t +9(sin®t +cos® t) —54sin® t cos® t

=27sin*tcos’t+9(1—3sin*tcos’t) =9
FirLl 1=43

V(1,1) = (_2: _2)1\/(71,1) = (21 _4)’\/(71,71) = (2, 2)1V(1,—1) = (—2, 4)
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Theorem 3.3 (Gauss—Bonnet) Let M be a compact, oriented, 2-dimensional man-
ifold and let X be a vector field in M with isolated singularities p1, ..., pr. Then

k
K=2r>1, (4.7)
| k=231,

i=l

Jfor any Riemannian metric on M, where K is the Gauss curvature.

The prove is in p.144
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