§ Jig= Spinor
ég & Spinors were originally introduced by Elie Cartan in 1913 » and subsequently

greatly expanded upon by Hermann Weyl » Richard Brauer and Oswald
Veblen °
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The simplest approach to explain spinors 1s Lorentz group theory > Lorentz
transformations of rotations and boosts °
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Lorentz algebra
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€ Is the fully-antisymmetric structure constant of the Pauli algebra with €,,=1
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Q : How to find the solution of the Dirac equation for the hydrogen atom ¢

§ Lorentz transformations

In three dimension > the counterclockwise rotation of some 3-vector V, about the

Vv, cosd sing OV,

X

z axis by the angle @ isgivenby V'=RV >or |V, |=|-sind cosd 0|V, |-
VZ' 0 0o 1V,
This is converted into four-dimensional form
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VJ’: |0 —sinf® cos® Of |V,
%44 0 0 0 1 V,
o
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R — 01 0 0 R = 0 cos@ 0 —sin@ R = 0 cos@ sin@ O
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And convert the 4x4 rotation matrices into rotation generators -

Let’s assume an infinitesimal rotation for the matrix R, » which is
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Define J, = . to be the generator of the z-rotation -
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Lorentz boost :
Lorentz boost is a Lorentz transformation which doesn’t involve rotation -
For example » Lorentz boost in the x direction looks like :

Unlike rotations, which can be conveniently described with 3 x 3 matrices, boosts require 4 x 4 matrices right from
the start (which is why I decided to express rotations with four-dimensional matrices). Imagine a frame of
reference passing parallel to a fixed frame in the x-direction with velocity v. Then the two frames are related
according to the transformation

t’ y By 0 0] [t
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p=v/c :
=v/c, )
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and where v is the velocity of the primed frame with respect to the unprimed (fixed) frame. The identity
y2— B2y? =1 prompts the convenient identification

cosh¢ =y, sinh¢ =fy

where ¢ is the “angle” associated with the boost. We can now proceed exactly as we did before with infinitesimal
rotations by considering infinitesimal boosts. We summarize the associated boost generators K; with

0 —i 0 0 0 0 —i 0 0 0 0 —i
—-i 0 00 0 0 0 0 0 00 O

K=1o 0 oof" == 0 o of° |0 00 o 32.1)
0 0 0 0 0 0 0 0 — 0 0 0

Like the rotations, the the 4 x 4 boost transformation matrices can be written simply as ¢’**?. Note that the K; are
now all symmetric, as opposed to the antisymmetry of the (hermitian) rotation generators.
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H is called the Hermitian matrix
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Then t'=(aa”+bb")t=t - the transformation preserves the time component °

detH =t* —x*—y*-7°

x'= %(aa +a*a*—bb—b"b*)x — %i(aa—a*a* +bb—b*b*)y —(ab—a*b*)z
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y' = Ei{aa—a*a*—bb— b*b*) x + E(aa+a*a* +bb+b*b*)y —i(ab—a*b*)z

z' =(a*b+ab*)x +i(a*b—ab*) y + (aa*—bb*)z

If we set a:COS%G,b:isinle » then

X'=X,y'=ycos@+1zsind,z'=-ysin@+zcosé isthe set of Lorentz rotation about

X-axis °
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Similarly - if we set a:COSEH,b:SInEQ > then
X'=Xxcos@—1zsinf,y'=y,z'=xsind+zcosé - rotation about y-axis °
) Lig
Setting a=¢? ,b=0 - then
X'=Xxcos@+ysinf,y'=—xsind+ycosd,z'=z - rotation about the z-axis °

The appearance of half-angles in all this is highly significant. In ordinary vector space, a 360° rotation brings the
vector back to itself, but in spinor space a full 720° rotation is needed. In that sense, a spinor is rather like an
arbitrary vector lying on a Mobius strip; it has to go around the strip twice to get back where it started.

The unitary transformation matrix H thus depends on the choiceofa > b °

§ Representations

The Lorentz algebra of the rotation generators J; is [J,,J,]=1J,

1 1 1.
The Lorentz algebra of the Pauli matrices is [E oy, > o,]= > io

z

And 1ts cyclic counterparts ©
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etc. Thus, the two matrices J; and %O’, have exactly the same algebra. This cannot be a coincidence; it means
there is some kind of fundamental correspondence between the matrices, in spite of the fact that one is orthogonal
and 4 x 4 with unit determinant, a group that we call SO(4), and the other is unitary and 2 x 2, also with unit
determinant, which is called SU(2). This correspondence is given the representation SO(4) = SU(2), where the
equal sign is not to be taken literally. This representation is also called the SO(4)-SU(2) “double cover,” perhaps
only in the sense that the “double” refers to the fact that the rotation dimension is double that of the spinor
dimension. (Note that if I had left the rotation matrices in 3-dimensional form, as many texts do, none of this
would make any sense.)

K; * generator of infinitesimal boosts

0 —i 0 0 0 0 —i O 0 0 0 —i
- 0 0 0 0 0 0 O 0 0 0 O
Ky 0O 0 OO'KF_ — 0 0 O’K"_ 0 0 0 O
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These matrices neither commute nor form a Lorentz algebra » instead we have the
commutator [K,,K ]=-iJ, - along with its cyclic counterparts °

This identity has two unusual properties ©

1. It demonstrates that two boosts in different directions result in a rotation - (a
phenomenon reponsible for the Thomas precession of an electron in a magnetic
field)

2. There is a minus sign that turns out to be all-important in the overall scheme of
things -
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What it means is that if we append +i toany K, ° we get the commutator
[+K,, =K, [=1J, > which gives precisely the same algebra as that for the J; -

. . . 1 .
Thus - if the J, are assigned the representation J, —)EO'i > we can also assign
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the similar representation =*IK, —>J_r§ai » thatis e —e 2
We can therefore write the complete unitary 2x2 transformation matrix for
spinoral rotations and boosts as either of two combined quantities »
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So there are indeed two kinds of spinor : one gets transformed under the unitary
matrix in (1) > and the other transforms according (2) > with the overall formlism
now denoted as SO(4) = SU (2) ® SU (2)

The spinor associated with (1) is traditionally called a “right-handed” spinor and

given the label ¢, > while the other is a “left-handed” spinor > called ¢, - (these

spinors also called “Weyl spinors”)
One of the amazing facts is that all neutrinos in the universe are left handed - their

spinor descriptions are of the left-handed type °
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Dirac’ s ispinor was found to preserve parity under the sign reversal
operation ¥ (X,t) > w(—x,t)

Far more importantly  the spinor ¢y effectively represents the

spin-up and spin-down components of an ordinary electron > while ¢, represents the

spin-up and spin-down components of an anti-electron ° (known as a positron)

Dirac’ s work thus predicted the existence of antimatter °

Dirac’ s relativistic electron equation also explained electron spin as a form of intrinsic
angular momentum called S °



Thus - the angular momentum L of an electron alone 18 not conserved > instead ° it 1S
L+S that 1s conserved
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