§ Complete Vector Fields
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3. X=X£+y2 on R?
ox oy

KX HY flow, 557 digR I HERIH X 258 A 255
9, = (@), (1)

a)=a) * o) =ac

2,(1)=0,(t) » @,(t) =be
(%, y) =(x,y) * BBl a=x > b=y

@ (X, Y)=(xe', ye') » @, =@, o, /& 1-parameter group with ¢, = identity

JEH
Let XY & M EHIEFICERELS with flows ¢,y
o, commute <[X,Y]=0

s |

Every vector field on a compact manifold is complete °

EIE
[DO1] p.33  Ans at p.333
+ Let X, Y € X(M) be two complete vector fields with flows 0, ¢. Show that:

(a) given a diffeomorphism f : M — M, we have f,X = X if and only if
fouy =10 florallt € R;
(b) 1 o oy = s oy forall s, 1 € R if and only if [ X, Y] = 0.

it
(b)
= y,od =g, oy, for VsteR

d d
By (a) (5,).Y =Y > [X,Y]=L.Y =a((w4)*v)ltzo =5 o =0

If, on the other hand, [X, Y] = 0 then

1 1 (A ‘
(—((UI)*Y) = (_((ﬁ’wg)*y) = (_((u’r)*(ﬁ"g)*y)
dt ds le—g  de le—p

,od :
= () — (V)4 Y) = — (¥ LxY =0.
de le=0

Since (1g)+Y = Y. we conclude that (1), Y = Y forallr € R. Therefore
U oy = @5 oty foralls, 1t € R.
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e
[DGO5] p.117

EX 10
Show that the vector field on R*
NI
ox dy

gives rise to a one-parameter (global) group of diffeomorphisins that will be specified.

Answer. The vector field may be mterpreted as the right-hand side of the following system:

dx _ dy _
a - a

Grven the mitial conditions
x(0) = x, and y0)=y,,
the differential system admits an integral curve

¢c:R— R : 10 (x(0),0(0)
detfined by
x(t)=x,¢' W)=yo€

and through (Xo,yo} at mitial ""instant."
The field 1s complete because each integral curve is defined to each "mstant.""
The integral curves are semi-straight line without origin.

The one-parameter group 1s made up of the following diffeomorphisms:

B B = B (5, 30) > 6,050, 0) = (0, 1(0)) = (1€, 33",
Smce

B (X5, ¥0) = er(-‘:t):yo)v

we conclude that @, is a homothety (center o, ratio €").

@il

#RxR* > R? » (t,(x,y)) = (x+t,y-3t)
A TEF—(E one-parameter group ?
#(t,u) = g, (u) Hl

P (X, Y)=(X, y) = ¢, =id

P (X y) =(x+1,y-3t)

g o, cp (X y)=.= 0, (XYy)

(2. @)X V) = (x+5,y=35)=(X,Y) * - (X y)=(x=5,y+35) =0 (X )

AT L ¢ E 35— one-parameter group
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il

#:RxR> >R’

(L, (X,y)) = (tX, y — X) 4 EFE—{ one-parameter group
HR o (xy) =Xy —x) Ao, (X, y) =(0,y =x) # (X, Y)

il

#RxR*> - R?

#(t, (X, y)) = (xcos2t —ysin 2t, xsin 2t + y cos 2t +t) ;¢ EF —{f one-parameter
group

@, (X, y) =(xcos2t — ysin 2t, xsin 2t + y cos 2t +t)

P (X, Y) =(X,Y)
Tﬁ% ¢s+t # qu ° (01 (ggﬁgﬁ)

HIE 14
Prove the mapping ¢:RxR?> — R?:(t,(X, y)) = (xcost — ysint, xsint + ycost)
defines a one-parameter group - What is this group ?

Plane rotation group

0 0
vl X—XE—Y&
(1) 3K X #Y flow
(2) 3K X FYFE 4R
(3) ERHA X B A 2

@, is the flow of X=X%—y% with dq[z;t(q)=x,ﬂt(q) and ¢,(0) =1

T with X(©) =%, ¥(0) = Y,
y=X

')./=>.<=—y then y(t)=x,sint+y,cost » x(t) =X, cost—y,sint

(X, y) = (X, cost — y, sint, X, sint + y, cost) = cost —sint(x,
¢I ’y - XO yO 1X0 yO = Sint cost yo

The vector field is complete °

The integral curves are concentric circles X* +Yy* = x> +Y,” °
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{ot e R} =SO(2, R) &= — ([l i

Exercise 17. (Important!)

With the help of diffeornorplusms give an interpretation of the Lie derivative of a vector
field X with respect to vector field Yon a manifold M.

Given one-parameter groups of diffeomorphisms ¢, and ¥, of wlhich X and ¥ are the
respective generating fields, show that the curve

(b oW o800 )%

1s differentiable at t =0 and admits [X.Y] = L, Y asa corresponding tangent vector.

§ V.I. Arnold

?j—(: =V (t,p(t)) is the phase velocity vector field > then the phase flow is @, (X)

with ¢,(q)=¢

g.oz ko with ¢, =identity > then ¢ (x)=xe" - the phase flow is the group

{Xe"t} » which is a one-parameter diffeomorphism group °

% https://jmath2020.neocities.org/DifferentialEquation/DEflows.pdf]
BEl > —{[E 57 JTFERY flow

\)

—{E vector field EA—{E{¥ 7y JTEERZ 25 [F—HE -

2. Show that the vector field XZX%—y§ is complete on R® ©

. - with X(0) =X,, y(0) =, > then §/=>.<:—y
y =X

y(t) = x,sint+y, cost, x(t) = X, cost — y, sint

(X(1))? +(y(t))’ =xZ +y. theintegral curves are concentric circles
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The one-parameter group :

@, (X, y) =(xcost—ysint, xsint+ycost), g,(X, y) =(x, y)

{oteR}=SO(2R)

§ X= xzi+ yzi— (X* + yz)2 s SKEME A(2,-1,1)AY integral curve
OX oy oz

o _dy_
xz yz —(xX*+Y?)
E{ﬂgzﬂ:y:qx

Xy
xdx _ydy  dz  d(+y%)
Xyt YY) 20 +yY) O +YY)
A BOA 1=

= xX’+y*+7° =c,

P % + Q% =R 1s a Lagrange linear equation > then % _dy = %

P Q@ R
§ X = AX
exp:n—>G with V> ¢ (e)
Hrf ¢ &2 left-invariant vector field X" #Y flow » then ¢,(e) =exp(tV)

Consider h(t)=e" - then h(0)=I

%h(t) = Ae® = Ah(t) » so h(t) is the flow of X* ate(i.e. h(t)=¢/(e))

Then expA=¢ (e) =€"

© exp
exp A= Z% A > M__ (R)—>GL(n,R)
k=0 ™=

@, (t) =exp(tA) is a one-parameter group with %(exptA)L:O: A
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So M, (R) isthe Lie algebra of GL(n ,R) with [ ] °



