N1101Vector fields
§ 1.1 MECGCHIER
§ 1.2 [MESNEE
§ 1.3 FHESHVRER(low) » TR HhER
§ 1.4 Lie derivative of a vector field » Lie bracket of vector fields
§ 1.5 covaritive derivative of a vector field
§ 1.6 FEf(complete)[r] E15

§ 1.1 Definition of a vector on a manifold M
ME—C*IE > peM » 3% U2 p BY—{EHHE -

Smooth function X :C*(U)—>R JuiE
1. 44 X(af+bg)=a(X f)+b(X g)

2. X, (fg)=(X,H)g(p)+ f(p)(X,9)
EHAGRMERE X f8 A M _EAE p BAY) A& -
JRE Smooth Y][H & X & f¢ C*(M) ZHC*(M) Y& T -

2 eC(MYHI(XF)(p) =X, f -
Bl

X =y§—z§, F(x,y,2) = 2X2y + 2 HI X () = y - 2(4xy) = y — dxy2
Z X

§ 12 i p BT R LIHAYIERN - ATM -

o 0. -
M ={ g bt ety
5 s
A w (0, 7)x(—m,7) = S® given by

v (6, p) = (sindcos @,sin dsin ¢, cos )

; - , Parameterizes a neighorhood of the point

A P (1,0,0)=w(%,0)

Consequently - (i) =Ce(0),[ij =é¢,(0) » where
(1,0,0) 0 (1,0,0)
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¢, (t) =l//(%+t,0) = (cost,0,sint) ; ¢, (t) :t//(%,t) — (cost,sint, 0)

0 0 T
Since ¢, and c,arecurvesin R® - (—j and (—j can be 1dentified with
00 (1,0,0) 6(p (1,0,0)

the vectors (0,0,-1) and (0,1,0)

§ 1.3 flow of a vector field and Lie derivative of a vector field

d(a(p) _dr _

p:U->M ¢o(p)=y(t)te(-¢¢&) > where it m > then ¢, is
called the flow of vector field X °
@, isa 1l-parameter group > ¢ . () =¢,..(q) * ¢, =identity

. o . : Y -Y
Yisa C”vector field > the Lie derivative of Y along X is L,Y = lm%

[X,Y]:Z(XY‘ —Yx‘)§ » then LY =[X,Y]

il
20 0 0 0 2
1. X=—(X+y*+2%) 2(X—+y—+2—) > Y =—,r=(X"+y*+2%)?
(y)(axyayaz) ay(y)
Sk LY=

N
LY = XY'-YX')—
= OV 2

3
XYt-yx* =§((X2 +y2+2%) 2X) =-3xyr°

3
XY?-YX? :g((x2 +y2+2%) 2y) =-3r°y  +r7° =r°(r* -3y?)
3

XY®-yX:3 :%((x2 +y?+7%) 27)=-3yzr?®

Bl LY = r‘5{—3xy§+ (r? —3y2)%—3yz %}

(1) KX HY flow ¢ 0 Y Y flow w,
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(2)  KIXYl=

(3)  EgEELY =Iting((p-‘)*#=[X,Y]

de (p)
(1) élt = X o) Popy = P

2l (p) = X () =0
(ptz(p) = Xz((”t(p)) :_(pts :@1 :Cyﬂz :_Q)ta :_¢t2

2 (p) = X* (@) = Py

Then ¢ =C, ¢? = Acost +Bsint, ¢’ = Asint — Bcost
A > B> C arefunction of p=(xy z)

And goO(X, Y, Z):(X, Y, Z) » 50 C=x A:y » B=-z
@, (X,y,2) = (x, ycost — zsint, ysint + z cost)

. (X,Y,2) =(x, ycost +zsint,—ysint+zcost)  (x y, 7) ..(*)
B
w,(X,y,z) =(xcost+zsint, y,—xsint +zcost)

0 0

(2) [X,Y]=(XY' —Yx‘)gz y&—xay

(3) (@.,).Y =Y (in coordinate ;(, 9,2 )

FH ()2 x = x, y = ycost — zsint, z = ysint +z cost

Y = zi_xag:(§/sint+Ecost)iA—Q(sintiANOStiA)
Z

OX ox oy oz 10D
d
Then LXY = a((q)—t)*Y)t:O

:()A/cost—25int)%—(§<cost)%+(Qsint)% o = QQA—Q 61

oX oy 0z ox oy
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Exercises
3
(1) X =—(x*+Yy*+12°) 2(xﬁ+y£+z£) ’Y:—yi+x£ » find LY =
OX oy 0z OX oy

o 0 0 0 0 _.
2) X=—+—4+X(Yy+D)— > Y =—+y— 3
(2) x oy (y )az o yazﬂz
(a) [X,Y]=

\ s O
(b) KX {5 flow ¢ B - ((9-)Y)|io=[X, Y]
[X,Y]=(XY'-YX")o,
0 0 0
= (XY =YX =+ (XY? =YX?) —+(XY? -YX?) =
( )ax+( )ay+( )az
(X'=@LLx(y+1),Y' =(10,y)
XY =X(1)=0,YX'=Y(1) =0
XY? =X (0)=0,YX2 =Y (1) =0
XY =X(y)=1YX]=Y(x(y+1)=y+1
0
ﬁﬁU\[XIY]z_y_
0z
\ e d
DATRR X 9 flow ¢ ’EE%EEE’EE((QJ*Y)LZF[X,Y]
=1t =1 PXY.D)=(Xy.2) Fillgl =t+x¢ =t+y
¢t3 =t+X(t+y+), 9=z - Fille’ :%t3+%(x+ y+Dt? +x(y+Dt+z
1 1 -
@ (% y,z):(—t+x,—t+y,—§t3+§(x+y+1)t2—x(y+1)t+z)=(X’ y,2)

(¢.)-Y =Y (in coordinate of 9’2 )

FH chain rule

ox. 9dy. o0z 1, , -
0. =220 +570 1950 =0 +[=t2—(y+Dt]0. * y+1l=y+t+1
anXaXanZX[Z (y)]zy y

0
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azzﬁa,+ﬂa,+@a,=a
0z x 0L y 07 z 1z

FTLL (9. ).Y =0 +[§t2 ~(y D0+ (7410,

%((qo_t)*v)to —~(y+D0_+0 =y =[X.Y]

at(x,y,i)

o (% Y,2) = (t+X,t+ y,%t3+%t2(x+ y+1) +tx(y +1) + 2)

3. Xlzyi—zi,xz:zg—xg,xazxi—y2
oz oy ox oz oy ~ oX

(a) Compute [X;,X;]

(b) Show that span {X,, X,, X;} is a Lie subalgebra of y(R®) - isomorphic to
(R*,X)

(c) Compute flows of X,

(d) ¢ o0 #¢ ,op  for i#]
I,— = )= I,—

2 2 ) 2

(e) Calculate ai(r) where r=+Xx*+y*+7°
®»

fie

(@) [X, X,]1=—X,,[X,, Xs1= X, [X,, X, ]=—X,

(b) EEE%V = span{X,, X,, X,} with[ ]
F:V >R
F(aX, +bX, +cX;)=(a,—b,c) is a bijective

Show that it is a Lie algebra homeomorphism

&l F([Xilxj]) =..= F(X{)x F(Xj)

@Uﬁﬂ F([Xl' Xz]) = F(_Xa) = (0,0,—1)
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F(X,)xF(X,)=(0,0)x(0,-1,0) =(0,0,-1)
So F is a homomorphism » ..V = (R?, X)
(c) @, (X Y,2)=(x,ycost—zsint, ysint +zcost)

®,,(X,y,2) = (xcost+zsint, y,—xsint+zcost)

@5, (X, Y,2) = (xcost - ysint, xsint + y cost, z)

(d) &

1 1
(e) M (r) =—zg+yﬂ=—zx%(2y)(x2 +y? +22)2+y><%(22)(x2 +y2+2%) 2=0

oy "oz



