Killing vector fields
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§ 01 Definition and Killing equation
1. Lyg=0

FRDIEREET: Leg,, =V, X" +V,X* =0

FH Levi-Civita connection g(Vy, X,Z)+9(Y,V,X)=0 forall vectors Y * Z °

The Lie derivative of the metric along a vector field X with componens X* is given by :
(Lx9); =X kakgij +0;0; X “+ 90 X ‘

2. div(K)=0

In R® with metric ds® = dx®+dy® +dz*

X*=(1,0,0),Y*=(0,1,0),2" =(0,0,1) are Killing vectors °
They represent the three translations °

Take the metric ds? =dr®+r’d@” +r®sin® 0d¢* (BR i FE 1)
Now the metric is independent of ¢ > so R=0¢ 1s a Killing vector °



Transforming back to Cartesian coordinates > this becomes R=-yd, +x0, °

The Cartesian components R* are therefor (-y,x,0) > this represents a rotation about the
Z-axis °

[FEES* =(2,0,—X),T* =(0,~z,y) For&f vy i - x BHATHERS -

Some propositions
Proposition 1
Let X > Y be two Killing fields » then [X * Y] is also a Killing field °

Thus the space of Killing fields is a Lie algebra * denoted by iso(M, g) -

) ) ) ) ) n(n+1
In particular > we see that the dimension of 1s0(M,g) 1S at most g °

Proposition 2

Let K be a Killing field of constant length * then the integral curves of K are geodesics ©
Le. Vi(K=0

Exercise

Killing vector field /e V; X; +V;X; =0

9" (VX +V,X,) =0 > [N g" BT > H 9" (V,X,)=div(X)

ALl 2div(X ) = 0= div(X) =0



