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( , )M g is a Riemann manifold。  is a Killing vector field if 

( )( , ) ( , ) ( , ) 0X YL g X Y g Y g X        for all , ( )X Y M  

Simply 0XL g   or K K 

     

§ Isometry 

( , )M g  is a Rieannian manifold with Levi-Civita connection 。 

:M M   is an isometry ( )p pg g   

( ) ( , ) ( , )p pg X Y g X Y      for all , pX Y T M  

Or in coordinates ( ( )) ( )
y y

g p g p
x x

 

  


 


 
 

Where the diffeomorphism   is an isometry (討論 GR 中的等距同構)，preserve the 

metric。 

The flows generated by Killing fields are continuous isometries on the manifold。 

Isometries naturally form a group。 

A Killing vector satisfies 
( ) =0K  ，and that implies that K p is conserved along a 

geodesic。 p is a 4-momentum。 

 

§ Definition of Killing vector field 

:t M M   is a one-parameter group of isometries， ( )X M  

0: ( )p t t

d
X p

dt
  is called the Killing vector field associated to t  

 

, ( )X Y M ， 0: (( ) Y)X t t

d
L Y

dt
   ，where { }t t I   is the flow of X。 

And [ , ]XL Y X Y ， 0: ( )X t t

d
L

dt
     

V = V + V   

    
 and 

= 
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1. If a Killing field X generates isometries then 0XL g  。 

And since 
[ , ] 0X Y X Y Y XL L L L L   ，we can find a third Killing vector by taking 

the commutator of the first two，given that X and Y are independent Killing vector 

fields，i.e. [ , ] 0X Y   

Manifold 的 metric 在這組向量的方向上保持不變。(preserves the metric。) 

Flows generated by Killing fields are continuous isometries on the manifold。 

 

2. A vector field K K 

   on M is said to be a Killing vector field if the 

infinitesimal displacement : x x K      generates an isometry。 

Show that this is the case，if  0X g X g X g  

          

These are the so-called Killing equation。 

 

3. Show that the Killing equations can be written as 

0X v vL g X X      

( ) ( ) ( ) 0XL g X g X g X g  

              

4. 0vX X 

     is the Killing equation for X   

 

5.  

 

6.  

 

7.  
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8.  

 

9.  

 

10.  

 

11.  

 

12.  

 

13.  

 

14.  
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Riemann tensor 
[ , ]( , ) X Y Y X X YR X Y Z Z Z Z      

Torsion XT(X,Y)= Y [ , ]Y X X Y    

R       

                  

R g R

    

R R   ，R R   ，R R  ，
[ ] 0R    

 

Bianchi Identity : 

1
( )

2
R g g g g                       

, , , 0h h h

ijk l ikl j ilj kR R R         L.Bianchi 1902 

Where , :h

ijk lR covariant derivative of h

ijkR  w.r.t. the l th  coordinate。 

M is a manifold with symmetric connection  ( [ , ]X YY X X Y   )，then 

( , ) ( , ) ( , ) 0R X Y Z R Y Z X R Z X Y    

 

 

 

Ricci tensor R R

   

Scalar curvature R g R

  

Torsion tensor [ ]2T    

         then [ , ] VV R V T    
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( )V V V V     

                =…. 

 

§ Examples 

1. On 3R ， 2 2 2g dx dy dz    

There are 
1

3 4 6
2
   linearly independent Killing vector fields 

一. Translations 

( , , ) ( , , )sT x y z x s y z   is a 1-parameter family of isometries  

3( , , )s R
DT x y z Id  

0 0( , , ) ( , , )=s s s x

d d
T x y z x s y z

ds ds
    ，so as ,y z   

二. Rotations 

One-parameter family of rotation around the x-axis 

0

cos sin 0

sin cos 0

0 0 1

x y

x
d

y y x
d

z



 

 




  
  

      
  
  

 

And similarly xz x z    ，
y zz y     

 

2. Killing field on 2S  

 

 

Killing vector fields give the infinitesimal isometries of a manifold M，here the sphere 
2S 。 

We expect 2S  to have symmetry under the action of SO(3)。 
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2

sin cos

: sin sin

cos

x

S y

z

 

 







 

 

2 2 2 2sinds d d     






：vector field which generates rotation about the z-axis。 

A rotation about any axis is a isometry，so   is a Killing vector。 

  is not a Killing vector。 

y xZ x y       ，
y zX z y    ， [ , ]x zY z x X Z      

And [ , ] ,[ , ]X Y Z Y Z X   

Span{X, Y, Z} = Lie algebra so(3) 

 

In terms of spherical coordinates gives 

sin cot cosX        ， cos cot sinY         

X、Y、Z are the Killing fields that generate so(3)。 

The Lie algebra elements X， iX ∈ so(3) (bottom) generate the Killing fields x, ix  on M 

(top) through their Lie algebra action。 

Like the matrices iX ，the Killing fields ix  are linearly independent，forming a basis 

of the Lie algebra of Killing fields on 2S 。 

That is，as we can expand 1 2 3X aX bX cX   ，we likewise get 

1 2 3x ax bx cx   ，where the latter means point-wise addition of vectors in each T M  

at each x ∈ M。 

 

3. For the metric 2 2 2 2 2 2( ) ( + )ds A z dt dx dy dz     

: , : , :T X Y
t x y

  
  
  

 are Killing vectors。 

Hint check that ( ) 0XL g X g g X g X  
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§ Exercises 

1. If :c I M  is a geodesic，then ( )( ), c tc t X  is constant。 

 

2. Let   be a Killing vector field of constant length，prove that the integral curves of 

  are geodesics of (M ,g )。 

The hypothesis says that , 0X     for all ( )X M  

Then 2 , 0X    ，by Killing equation 

( )( , ) ( , ) ( , ) 0X YL g X Y g Y g X      
 

( )( , ) < , >+< , 0XL g X X       
 

, 0X   for all ( )X M ， 0  ，it means the integral curves of   

are geodesics。 

 

3. Consider the Killing vector fields on 2M S  with metric 2 2 2sing d d     

1K   ，
2 sin cot cosK         ，

3 cos cot sinK         

Verify that they satisfy the Killing equations。 

 

4. For any Killing field  ， 0div   

 

5. If   is Killing then， ( ) ( , )X R X     for all X 

 

6. Show that any Killing vector K   satifies (1) K R K  

      (2) 0K R

   

Hint (1) derivatives of Killing vectors  (2) along with the Bianchi identity and 

Killing equation and (1) 
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(1) Killing equation K K 

    

[ , ] ( )K K 

             

[ , ] ( )K K K K   

                     

[ , ] ( )K K K K   

                      

Then 
1

([ , ] [ , ] [ , ] )
2

K K K K   

                   

[ , ] VV R V T    

         ，where T 

  is the torsion tensor。 

1
{ R K }

2
K R K R K      

          

(2)  

 

 

 

7.  
 

8.  

 

9.  
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10.  

 

11.  

 

12. Let M be a compact Riemannian manifold of even dimension whose sectional 

curvature is positive。Prove that every Killing field X on M has a singularity (there 

exists a p M such that X(p)=0) 

 
 

 

Killing tensors are not related in a simple way to symmetries of the spacetime，but they 

will simplify our analysis of rotating black holes and expanding universes。 
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§ maximally symmetric spaces 

§ Gravitational redshift and Killing vectors  https://arxiv.org/abs/gr-qc/0508125 

 

§ Lie group symmetry 

§ Noether theorem 

 

§ 參考資料 

[Notes on Killing fields] https://www.asc.ohio-state.edu/terekcouto.1/texts/killing.pdf 

[Youtube] https://www.youtube.com/watch?v=ZXrwhhQAEss 

 

https://arxiv.org/abs/gr-qc/0508125
https://www.asc.ohio-state.edu/terekcouto.1/texts/killing.pdf
https://www.youtube.com/watch?v=ZXrwhhQAEss

