Examples of Jacobi fields
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1. Jacobi equation

Assume y(t) =(cost,sint,0) > a geodesic lied in the equatorial plane °
Consider a variation of y(t) by rotating the sphere slightly around the x-axis °
This gives a family of geodesics = y,(t) = (cost,sintcoss,sintsins) » where s is the
parameter of the variation ° y,(t) = y(t)
The Jacobi field J(t) is obtained by differentiating . (t) with recpect to s at s=0
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Interpretation -

.o > we have J(t)=(0,-sint,cost)

« The Jacobi field J(t) = (0, — sin ¢, cos t) describes how nearby geodesics (great circles) deviate
from (t) as s varies.

« Att =0,J(0) = (0,0, 1), which is perpendicular to %(0) = (0, 1, 0). This reflects the fact that
the variation is orthogonal to the geodesic at ¢ = 0.

* Astincreases, J(t) rotates in the plane orthogonal to 7(t), reflecting the curvature of S2.
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3. A simple and explicit example of a Jacobi field on S°
Let y(t)=(cost,sint,0,0) is a great circle in the (X, X,)-plane of R*

Define the variation ¥, (t) = (cost,sint,scost,ssint) > then J(t)=(0,0,cost,sint) is the
Jacobi field °
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Properties -

1. Orthogonality: The Jacobi field J(t) = (0,0, cos ¢, sin t) is orthogonal to the tangent vector
4(t) = (—sint, cost,0,0) of the geodesic v(t). This is a general property of Jacobi fields
arising from variations through geodesics.

* The Jacobi field J(t) = (0,0, cos ¢, sin t) describes how nearby geodesics deviate from () as
s varies.

« Att =0,J(0) = (0,0,1,0), which is perpendicular to 4(0) = (0, 1,0, 0). This reflects the fact
that the variation is orthogonal to the geodesic att = 0.

« Astincreases, J(t) rotates in the (z3, z4)-plane, reflecting the curvature of S°.

3. Behavior of J(t): The Jacobi field J(¢) = (0,0, cost, sin t) oscillates sinusoidally as ¢ increases.
This reflects the positive curvature of §%, which causes nearby geodesics to converge and
diverge periodically.



