§ Induced metric
Two Riemann manifolds (M,, g,) are said to be isometric if there exists a

diffeomorphim ¢: M, —> M, suchthat ¢'g, =0,

@M — N is an immersion © (N, g) is a Riemannian manifold > then ¢'g isa

Riemannian metric in M induced by ¢

§ Example

$:52 >R® . $:(0,7)x(0,27) > R®

Then ¢°g=d@%+sin’Bde’ is the induced metric on S
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Or »on S* x=sin@cose,y=sin@sing,z=cosd
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y
(S%,h)—>(R%,g) > g =dx*+dy*+dz*,h=dé& +sin* d ¢
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§ Example
(R°,9), 0 =(dX)* +(dy)’ +(dz)* » 9:S* >R’ Fp'g

P(X,y) = (X, Y, 1= %" —y?)
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Then ¢ is called isometric embedding([FI4EEHF 72 isometry(ZEFE[E/fE) -

§ Exercise
C:{(x.y,2) e R*|x*+y* =1} is acylinder

o(X,y,2)=(X,—-y,—-2):C —>C then
(1) @ isan isometry
@) ¢(p)=p > p=?

(2) P(1,0,0) (-1,0,0)
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§ hyperbolic geometry

Let H={(u,v)eR*\v>0} denote the upper half plane °

. . 1
Endowed with the metric h= Y (du?® +dv?)

The Poincare model of the hyperbolic plane is the Riemann manifold (D , g) where D is
the unit open disk in the plane R®and the metric g is given by

1
=~ (dx®+dy?
9= 15 =57 @+ )
Show that the Cayley transform z =X+1y > w=—i % =Uu+Iiv establishes an

isometry (D, g) =(H,h)

o(2) = E H — D is the Cayley transform >
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which maps {=,1,-1,i,0} > {1,-i,i,0,-1}
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Note about Mobius transform
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§ Atorus T? in R® inherits the Euclidean metric from R® ©

L

> Atorusisalso T?=R?/Z? asa quotient

space ’ it inherits a Riemannian metric

from R? o

Fig. 1.2. Two Riemannian metrics on the torus.
With these two Riemannian metrics ° the torus becomes two distinct Riemannian

manifolds
Show that there 18 no 1sometry between these two Riemannian manifolds with the same

underlying torus °©



§ Metric connection

We say that a connection V' on a Remannian bundle E is compatible with the metric if
forall X € y(M) and s,tel(E)

X <st>=<V st>+<s,V,t>

Then V 1is called metric connection °

THEE X-<Y,Z>=<V,Y,Z>+<Y,V,Z>
g V,Y -V, X =[X,Y](called torsion free)
When V compatible with metric and torsion free then Vis called Levi-Civita
connection(Riemannian connection) °



