§ Geodesics

§ 01 Geodesic equation : X'+I", x) x“=0
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An 1mportant property of geodesic in a spacetime with Lorentzian metric 1s
that the character (timelike/null/spacelike)of the geodesic relative to a metric
compatible connection * never changes °

This is simple because parallel transport preserves inner product > and the

character 1s determined by the inner product of the tangent vector itself °

§ 02 Viewpoint of classical mechanism

In Lagrangian mechanism > C = {C|C :[a,b] > M, c(a) = p,c(b) = q}
A Lagrangian functionLonM * L:TM —» R

The action determined by LonC > S:C >R » S(c) = _[: L(é(t))dt

7:(=€,¢6) > C avariation of ¢
such that »(0)=c and y(s)(t):(-¢,¢&)x[a,b] > M is differentiable



}(s,t) =y(s)(t) o If %h_o S(y(s))=0 for VyeC > then curve cis called the

critical point of the action S ° (Least action principle)

Theorem
c e C 1s the critical point of S which determined by the Lagrangian L < ¢ satisfies Euler-

Lagrange equations ©
y:[a,b] > M is a smooth curve on Riemann manifold

L(») ::I:‘il_i/(t)dt is the length of

2 .
E(y)= %J.:‘(zi_jt/(t)‘ o= %Jj(gij X'x')dt is the energy of y

(In physics, E(y) isusually called the “action of »" > where y is considered as the

orbit of a mass point © )

Represent by coordinates (X' (7(t)), X (#(t)),..., X" (#(t))

X (t) ::%u‘(y(t)» then

L) ="\ o, ()X O Oct + EG) = 210 KO X © X @k

Then Euler-Lagrange equation of energy E is

X (1) + T (x(@) X (1) x“(t) =0 > 1=1,2,3,...i.e. geodesic equation

Proof

) .
The Euler-Lagrange equation of a functional 1(X) =I f(t, x(t), x(t))dt

. d of of
Is givenby ————=
t . oX
0 X

E(y)= %Jgjk(x(t)) xJ X< dit (g X x) = L(t, x(t), x(t)) > and the Euler-Lagrange

equation is E((fa—li)—a—l_:O)’then i(gik Xk+gji Xj)—gjklxjxk=0
ox o dt ’

Fori=1,2,...,m therefor



gik«‘ -+ g_ﬂl + ik, fl 4‘ -+ 8ji, X 4‘ — &jk, .rljl = 0.

Renaming some indices and using the symmetry g;; = gy, We get

28m¥™ + (gokj + gjex — i)V =0, (=1,..., d,

and from this

g grm¥" + 3¢ Yo+ gjex — gro) it =0,i=1,...,

Because of

oj

g"fggm = J;n, and thus g"gggmf{"” = X',

We get X' (t)+T, (x()) X' (t) X*(t) =0

Q.E.D. [Geometric analysis] p.23
Thus > geodesics are the critical points of the energy function °
Geodesics are paths of minimal energy ©

§ 03
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du +F'jk du’ du =0---equation of a geodesic (1)
ds ds

V'+> T x)V =0 Y parallel transported along X (2)
j.k

Covariant derivative of Y along X » V,Y =) (XY'+> I\ X ij)%
i ik

(1) (2) G EMIAER -
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§ 04 A geodesic 1s a curve along which the tangent vector 1s parallel transported °

V., ﬁj:: r‘jkik then
-5 OX OX
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\V/ (WJ_)_ 5 i_+%iizwlr'jkik+%ii
= o gax‘ ox' ox’ ox‘  ox' ox’
And Vlailzv|vcﬂ
Va‘ OX 6*5
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For a curve x(t) > with —=——
(1) with =" a0
x_ 0 0 oX dix'  dxd dx

V, —= +T — 4T ==
< dt Cae " o dt)ax a2 dt dt

=0 1s the geodesic equation



Thatis V,X =0

§ 05 covariant derivative (T8 78y

v v v A
VLV =0V 4TV

D
Parallel transport of the tensor T along the path x“(4) - HT =0

ivurg dLVP:O for a vector V*#
dA ’dA

D dx*

— =0 o
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d?x”
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§ 07 method of variation 4374

5_[:\/ g; X' x'dt =0 Yves Talpaert p.30

[Differential Geometry with Applications to Mechanics and Physics]

Euler-Lagrange equation g(i)—a—lzi=0 » with F=\/gij X' x!
dt 6Xi OX

We establish the geodesic equations from the calculus of variations -

On a manifold - a geodesic joining two points X,,X, is a curve such that



Sp b / dXi de
5];a dS:5Ia gljaadtzo

The calculus of variations means it is a curve “satisfying” the Euler

od X1 =
equation —(——)——0.(g, )x'x“ =0
q Olt( = ) oF i(95)

Substituting the curvilinear parameter s for t » the geodesic equations are

d dx? 1 dx! dx*
—(g. —)———20.(g,)——=0
dt(g" dt) 2ds (95 dt dt
d’x’ dx“ dx’ 1 dx’ dx“ _o

L—t - 900, ——=
9747 P99 s as 299K g ds

d?x! 1 dx* dx’ dx! dx*, 1 dx! dx*
———+=(0,9, — —+0.9, ——)——-0,9g,, ——=0
9 g2 2( i s s 19k g ds) 299% 45 s
By multiplying by g" > we obtain the geodesic equations

2" j k
O:j_);+ gkddiddizo » where s is proportional to t -
S s ds

aRLoRkEy 02 HH -

§ 08 heat flow method 7EZATEE heat flow FHHEHE IR
Heat equation on R

(1) u,—ku, =0

u, —ku,, = f(x,t),t>0
2
| ’{ o= 90

Consider u; =ug +T", ulu,u(s,0)=y(s) for seS' then
1. u —ul =f isaheatequation

2. Ul Jrl“ijkus"ué< =0 is a geodesic equation
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2. RG3303 /£ geodesic flows

3. RG5101 &2 Jacobi 35— Jacobi field J()EIIE&2E geodesic y S /e Jacobi
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. R(7'(t), J(t)y'(t) =0 ‘EHEARHF A SR AT —
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BRI
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5. QGeodesic flows

Geodesic equation @ X'+ x)x =0

Observe that any curve v determines a curve t — (7(t),~/(t)) in T M.

- . : _ : , - dzi (t dwn (1)
If is a geodesic then in local coordinate t — (x,(¢) ..., z,(t), T‘f;t( ). xdt( )
satisfies the first order system

dr;
(4) 2

% == Zi,j ngﬂ}j
on TU.

Lemma 3.3. There exist a unique vector field G on T'M whose tra-
jectories are of the form t — (y(t),~'(t)), where v is a geodesic on
M.

Definition 3.4. The vector field defined above is called the geodesic
field on T'M and its corresponding flow is called the geodesic flow on
™.

6. qgeodesic(Wormhole)




§ 09 HELAYMEET ¢
C:X=X(s)Z#imE M ) — 15 4%

dX o o - X i
=L mmpyme . Xox L
ds ds ds
dt d? i
EZE( _) Xi— ey +(X; d )_ ’ =F:}Xk+b|jN=riji+bij
d?u’  _; du’ du N .
%s]Wd "X, +bN  EEE B i ok o BT
. du'd
MUV DL — du ;; ;—m4nmﬂm%ﬁkﬁo
§ 10
given pointl *iﬁ% p108~110
«—— given line

7 Poincare Half-Plane |-
SR M &% Y 2

Fig. 14.4. Geodesics in the Poincaré half-plane.

11.1. Connection and curvature forms on the Poincaré disk
The Poincaré disk is the open unit disk

D={z=x+iveC||z| < 1}

in the complex plane with Riemannian metric

_ AMdx@dx+dy@dy)  4(dx@dx+dydy)
TR T e

An orthonormal frame for I is

1 ). d 1 2. d
er=3(1-lz)5, e2=3(1-1zP)

Find the connection matrix @ = (o;] and the curvature matrix Q = [Q:r relative to the ort-

honormal frame e, e7 of the Riemanniaq connection V on the Poincaré disk. (Hint: First find
the dual frame 61, 62. Then solve for (o;- in (11.9).)



Let D be the Poincare disk

1. Show that in polar coordinates (r,d) - the Poincare metric is given by

_A(dr? +r%do?)
<"'>(r,9) o (1_ rz)z

Using polar coordinates to compute for D
2. The Gaussian curvature
3. The Christoffel symbols
4. The geodesic equations

p.103~ A geodesic & B4
540 The speed of a geodesic on a Riemannian manifold is constant -
Let T =c'(t) be the velocity of the geodesic °

The speed is constant if and only if its square f (t)=<T , T> is constant °
But f(t) =£<T,T >=2<E,T >=0
dt dt

So f(t) is constant °

§ 11 Geodesics on a sphere

On a 2-sphere M of radiusain R®

Let y(t) be agreat circle parameterized by

arc length -
Then y(t) has unitspeed °

Velocity and acceleration vectors of a great circle.

Differentiating (y'(t),7'(t))=1 with respect

to t gives 2(y"(t),y'(t))=0

This shows that the acceleration »"(t) of a unit-speed curvein R?® is
perpendicular to the velocity °

Since y(t) lies in the plane of the circle > sodo y'(t) and p"(t) °
Being perpendicular to y'(t) ° the acceleration »"(t) must in the radial

direction - Hence > because y"(t) is perpendicular to the tangent plane at y(t) °



DT _[dT

Z 22| =y"t).. =0
m dtjm 7"(1)

This shows that every great circle 1s a geodesic on the sphere °

[Differential Geometry in Physics] p.154 by Gabriel Lugo

Let S* be asphere of radius a > so that the metric is given by

ds ’=a’d@* +a’sin@de’® and the Lagrangian is L=a’#*+a’sin*0¢°

The E-L equation for the ¢ coordinate is i(a—lf)—i=0

S@(p op

i(2azsin29g.o)=o then sinzad_(p:k
ds ds

sin® @dg = kds
sin 8dg® =k’ds” =k*(a’d@” +a*sin’ Odp*)
(sin* @—a’k’sin®* @)d¢’® = a*k*d#?

akdé akdég

dq)= =
sin@sin?0—a%k?  sin? O1—a’k?csc? O

~ akesc’0do ak csc” 0d 6
\/1— a’k*(1+cot’® 0) \/(1— a’k?)—a’k*cot* @

2 _ 21,2
_ Cszczede et u=cotd  ¢* =12 C then du=-csc? 66
\/]'_a‘k_cotzg ak
a’k?
__—du (isin‘1x= L )
c?-u? X 1-x*

(p:—sin’l(lcote)ﬂpo
c
cot & =csin(gp, — @)
cos @ = csin #(sin ¢, Cos ¢ —CoS @, Sin @)

acoséd = (csing,)(asin dcos ) —(ccos¢,)(asin 8cos p)



10

z=Ax-By > where A=csing,,B=ccosg,

We conclude that the geodesics of the sphere are great circles determined
by the intersections with planes through the origin -

1% 1 A hEE E Y geodesics

z=f(r) the first fundamental form is ds®=(1+ f ?)dr® +r’d¢’

SR1% 15 — (8 75 BR 1Y £ Morris-Thorne Wormhole p.159

geodesic(Wormhole)

§ 12 geodesics on a torus

[the torus]

X=C+acosvcosu
y=cCc+acosvsinu
z=asinv

By geodesic equations Xi+Fijk x'x*=0 we get

- 2asinv
U——uv=0
c+acosv

« 1 . -2
v+—sinvc+acosvu- =0
a

Using the substituion w=c+acosv and integrating (with a trick or two )gives a solution
interms of uand v

k
C+acosv?

. k2
V:i\/—ﬁ‘f-l
ac+acosv

The Clairaut parameterization of a torus treats it as a surface of revolution -

u=

du
From it * we obtain a formula for d_
\'


http://www.rdrop.com/~half/math/torus/index.xhtml

11

d_u:J_r ah

dv  c+acosvy/c+acosv:—h

2

h=c+acosvsing

The five families of geodesics :

(1) h=0 > these are the meridians

(2) O<h<c-a unbounded geodesics * which alternately cross inner and outer equators °
(3) h=c-a the inner equator - and geodesics asymptotic to it

(4) c-a<h<c+a bounded geodesics, which cross the outer equator but

bounce off barrier curves

(5) h=c-a the outer equator

( ( \ (D) / v(2) (3)«
o = | |
N ) & S

. du
When h>c+a » there are no real solutions to the formula for d_
\;

§ 13 The geodesic equations for a metric of a BH

We consider a charged BH surrounded quintessence with the equation of state

pé

1 . o
» —l<g<—=>and « isthe normalization constant °
o 3

parameter ¢ =

Quintessence BT TZ a hypothetical form of dark energy ° a scalar field

The metric of a charged BH reads :

ds? = f (r)dt? —%drz _r2(d6? +sin 0dg?)
r

2
Where f(r) =1—M+Q—— 3?;1
r r r

Where M and Q represent the mass and charge of the BH respectively

The metric represents a BH for M>Q > an extremal BH for M=Q and a naked singularity



for M<Q

The geodesic equations for the metric are given by

AU

f(r)

o (Nt+ 1(0)'r?

2174(r)
. 2 .. . -2
0+—rof—-cosdsinf¢” =0
r

é+gfg'b+2(:ot0[9¢:0
r

2
—2r6°-2rsin? 9¢] 0

9y

2)

©)

)

Where the prime denotes the differentiation with respecttor -

The geodesic equations are X'+ K x'x=0

Where Iy = g I(a?(kjl aXL' - fi‘xj'k)
SR
f(r) 0 0 f(r)
0 -1 o ) 0 —f(n)
(9;) = f(r) » (g")=
B T o 0
J— i 2
0 0 0 resin-é 0 0
X =X(t,r,0,9)
t+r1Jk x“ =0
t+ T tt+ T tr+ 5 rt+ T, rr+4L.}
1 ad, a9 ag
= 1 u, P Puy_q,
n=39 (axl oxt )
1 ,.89, &g ag 1 11,09, 09, 09
=29 G o o0 2% od T o) "
1 ag 8g og 1 1 of
k= 1 21 u_ZYi12y_ — g o
2= e T ) 2 T a2
FrLLEEI) T Dr =0

f(r)

r?sin®o




r+T5 x)x“=0

1 ,.89, &g ag 1 . ag 1 of (r)
| A 1 u_ YY1y 1y —
11 2 (8X1 + 6X1 ) ( ) ( ) ar
09 , 99 69 o7 89 89 095y _ 1 Ay
2 = 22 21 21 2y _ — 22 2 _Z92Yy_— § f
=2 T Ty g Tz Bz By 1))

69, 09 ag 1
rt =" (s D By 2(—2rf(r»

o9, g 8g 1 .,
e, ==g” (=4 +24 = —f(r)(2rsin*@
= 29 (8“ pvC )= 2( )¢ )
=£0(2)

O+T, dx) d X =0

’=0 I5,=0 TIy,=0 T =-sinfcosd

rzg = ng = > E—ﬁﬂ%ﬁ% 0

= |k

1531](3) é+gfé—cosesin 04> =0
r
f+T%dx dx =0

1

rg4:r32:F Iy, =I5 =cotd » HfthE 50

1551(4) ¢+§r¢+ 200t6’é¢ =0
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