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(1) Bishop-Gromov Volume Comparison Theorem -
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(1) Cheeger’ s Finiteness Theorem
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§ The Laplacian comparison theorem
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THEOREM 1.59 (Laplacian Comparison). If (M™,g) is a complete Rie-

mannian manifold with Re > — (n—1) H, where H > 0, and if p € M",
then for any x € M™ where dy, (x) is smooth, we have

(1.68) Ad, (z) < (n — 1) VH coth (\/Edp (:c)) :

On the whole manifold, the Laplacian comparison theorem (1.68) holds in
the sense of distributions. That is, for any nonnegative C°° function ¢
on M™ with compact support, we have

/ dpApdp < / (n — 1) VH coth (\/Edp) pd.
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