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Exercise 003 Curvature 

 

(1) g g 

   by product rule 0g g g g 

        

Since that 0g   ，it imply 0g

   

(2) g   ，(2.69) here   is constant called Levi-Civita symbol and 

  is called Levi-Civita tensor 

g      ， g  is a determinant 
1

0
2

g g g
g

         

0g    and 0g

   imply 0g   

 
Gradient 

i     

Divergence i i i j

i i ijV V V V      

Curl  ijk k ijk k ijk k l

j j jlV V V V          

The spherical polar metric for { , , }r    is 2

2 2

1 0 0

0 0

0 0 sin

ijg r

r 

 
 

  
 
 

 

The Christoffel symbols are  

2, sinr rr r         
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1
, sin cosr r

r

  

            

1
, cotr r

r

   

             

In spherical polar coordinates  

if f    

2
+ V = coti i j r r r

i ij r rV V V V V V V
r

    

             

In 3.34 
1

( )i i

i iV g V
g

   ，here 2 sing r  ，we obtain the conclusion above 

also。 

ijk k ijk k ijk k l

j j jlV V V V          

 

The curl component is 
rV   

V    

V    
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Longitude 經度，meridian 經線，latitude 緯度 

The Christoffel symbols are sin cos

     ， cot 

       

The goodesic equation is 
2sin cos ( ) 0...(1)

2cot 0...........(2)

   

   


 


  

 

(a) For lines of longitude , k    ，both (1)(2)are satisfied。 

For line of constant latitude ,k    ，(1) give us sin cos 0   ，

0, ,
2


  ，the first two is a degenerate line，and the latter is the equator。 

(b) The equation of parallel-transport for a vector V   along a path ( )x   is  

0...(3)
dV dx

V
d d

 
 


 

   

The path we are taking is given by ,k     

The   component of (3) is sin cos ...(4)
dV

k kV
d





  

The   component of (3) is cot
dV

kV
d





  …(5) 
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(4) differentiate for   and pluge into (5)，we obtain 
2

2

2
cos

d V
kV

d





   

The general solution is cos( cos ) sin( cos )V A k B k     

( 2" sin cosy k y y a kx b kx     ) 

1 1
( cos sin( cos ) cos cos( cos ))

sin cos sin cos
V V A k k B k k

k k k k

        

If we started at 0   with our vector (1,0)V   ， (0) 1, (0) 0V V    

A=1，B=0，then 
1

cos( cos ), sin( cos )
sin

V k V k
k

      

Note that 2

0sin 1V g V V V V V V     

      

The angle   between V(0) and (2 )V   is given by  

cos (0), (2 ) (2 ) cos(2 cos )V V V k       

2 cosk   or 2 (1 cos )k    

[RG4102-2S^2 (g) Foucault pendulum] [RG3302ParallelTransport] 
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(a)  

1 1

2 2

dx dx
I fd g d

d d

 

 
 

    

2 2 2 2 2 2sin ( sin )ds d d d        

2 2 2 2 2 21
[( ) sin ( ) sin sin ( ) ]

2

d d d
I d

d d d

  
   

  
    

( ) ( , ( ), ( ))S q L t q t q t dt


  ， If it independent of t，then the E-L equation are

0
i

i

L d L

q d
q

 

 
 




，where 2 2 2 2 2 2( ) sin ( ) sin sin ( )L          

For  ，the E-L equation is 
L

( ) 0
d L

d  
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2 2 22sin cos ( ) 2sin cos sin ( )
L

      



 


，and ( )= (2 ) 2

d L d

d d
 

 






 

2 2 22sin cos ( ) 2sin cos sin ( ) 2 0          ， 

2 2 2sin cos ( ) sin cos sin ( ) 0           

 

The geodesic equation are 0k k i j

ijx x x  ，here kx   

The geodesic equation is 2 2( ) ( ) 0 

       

Thus we have 2sin cos , sin cos sin 

            

For ，the Euler equation is ( ) 0
L d L

d  

 
 

 

 

2 22sin sin cos ( )
L

   






 

2 2( ) (sin (2 )) 2sin cos (2 ) 2sin
d L d

d d
      

 


  



 

22cot sin cos ( ) 0         

Compare with 0i j

ij x x  ， 

We have cot , sin cos  

            

Again for  ，the Euler equation is ( ) 0
L d L

d  

 
 

 

，we have 

2cot 2cot 0        

So cot , cot   

             

 

(b) The Rieman tensor components are  

2sinR

  ， 2sinR

   ， 2 2sin sinR

   ， 2 2sin sinR

     

1R

   ，R =1

 ， 2 2sin sinR

   ， 2 2sin sinR
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1R

   ， 1R

  ， 2sinR

   ， 2sinR

   

The Ricci tensor is twice the metric 2R g   

The Ricci scalar is 6 

 

(c )Show that 
R

R = ( )
( 1)

g g g g
n n

    


is obeyed by this metric，confirming 

that the 3-sphere is a maximally symmetric space。 
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R   ， cos cot sinS        ， sin cot cosT            (3.188) 

[ , ] ( )i i

i

i

X Y XY YX    

1 1 2 2[ , ] ( ) ( )R S RS SR RS SR        

     
c o s ( c o t s i n )

( ) ( ) s i n c o t c o sT   

  
  

 

  
         

 
 

1 1 2 2[ , ] ( ) ( )S T ST TS ST TS        

1 1 (cos cot sin )( sin ) ( sin cot cos )(cos )ST TS                       

         c o t s i n c o s c o t c o s s i n 0         

2 2 (cos cot sin )( cot cos ) ( sin cot cos )( cot sin )ST TS                              

        =1 ，note that 2cot csc
d

x x
dx

   

So [ , ]S T R  

[ , ] ...T R S   

[ , ]X Y X Y Y X    

      

[ , ] ...i i

i iR S R S S R       = sin ，[ , ] ... cot cosR S       
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Then [ , ] sin cot cosR S T          

 

 

 


