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Ch4 Curvature 

4.1 Curvature 
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4.2 Cartan Structure Equations 

Reformuate the properties of the Levi-Civita connection and of the Riemannian 

curvature tensor in terms of differential forms。 

1 2{X , ,..., }nX X form a basis for pT M   

1 2{ , ,..., }n    a field of dual coframes such that ( )i

j ijX    
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   called the connection forms。 

 

For orthonormal system，Cartan structure equations： 
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Where ( )i

j ijX  ，
1
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
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(3) Compute the Gauss curvature of 

(a) the sphere 2S with the standard metric 

(b) the hyperbolic plane 2{( , ) 0}H x y R y    with the metric 2 2

2

1
( )g dx dy

y
    

 

(a) 
3: (0, ) (0,2 ) R      

( , ) (sin cos ,sin sin ,cos )         then 2 2 2sing d d      

With the field of frames 1 2{ , }X X  where 
1 2: , :X X

 

 
 
 
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And so a field of ortonormal frames 
1 2{ , }E E  is given by 1 2 2 2

1
: , :

sin
E X E X


    

And 1 2{ , }  ，with 1 2: , : sind d        
1 0d   and 2 1 2cos cotd d d           

1 2 1 1

2 20 sind d           

2 1 2 2

1 1 cosd d d d              2

1 cos d      

2 1 2 2 1 2

1 1sind d d K                   

1K    

 

(b) K=-1 

2 2

2

1
( )g dx dy

y
   

1 2X : , :X
x y

 
 
 

 then 
1 1 2 2,E yX E yX    

1 21 1
,dx dy

y y
     

1 1 2

2 2

1 1
d dy dx dx dy

y y
  


       

2 0d    

1 2 1 2 1

2 1d          

2 1 1 2

1 1d d K           
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4.3 Gauss-Bonnet Theorem 

[GaussBonnet] 1944 年陳省身 

M is a closed oriented Riemannian manifold with an even dimension d，then 

( )
M

M   where j j k l

i ikjR d d     

p.141 有向量場標數
2

1
( )0

1
I lim

2 r
p

S pr



   (

D
2 pI 


   )then 
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4.4 Manifolds of Constant Curvature 
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[曳物線 tractrix]繞 x 軸旋轉的旋轉面 K=-1 
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4.5 Isometric Immersions 
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