Consider the smooth Riemannian 2-manifold D ={(X,y) € R*;x* + y* <1} with a metric

dx? +dy?

oy Here g(x,y)= %[1—0(2 +y9)]

(1) Find the frame field {E,,E,} and dual coframe field {6,,6,}

(2) Show that the connection 1-form @, =9,6, — 9,6,
(3) Show that the Gaussian curvature K=-1

(4) Let A be a geodesic triangle in D © Show that area(A) =z —(i, +1, +1;) > here

I,,1,,1, are the interior angles at the vertices of A

, O +dy’ dx ,__dy
9% (x,y) gxy) * g(xy)

o o ~
E1=g(x,y)&,E2=g(x,y)5 with 6 (E;) =9;

ds

=0°+60. > where 0, =
For a 2D Riemannian manifold > the first Cartan structure equation 1s -
d6 +> @, A6, =0

j

Where @; are the connection I-forms ° In 2D - there is only one independent

connection 1-form @, because @, =-w,,

_ dx+g.d
dg,=d(P)="99 _ SO gy 9 gxady
9’ ¢ g g
dx+g,d
d92=d(ﬂ)=_LZQV3’Ady=_g_§dXAdy
g g g

Apply Cartan first structure equation

d6, +w,n6,=0 %dXAdera)z/\%:O
dx . .
®,=9, E + (terms involving dy)
g dx o g
d6,—w, "6, =0 =dxAdy—m, A—=0 this gives @, Adx==>dxAdy
g g g
dy . .
Thus @, =-0, E + (terms involving dx)

Finally > we get @, =0,6,—9,6,



Second Cartan structure eqution Q, =da, = K, A6,

dw, =d(g9,6)-d(9,6,)=(9,,dy+9,d) A6 +9,d6 —(9,dx+9,,dy) A6, —9,dE,
. 1 2 2
Given that g(x, y)=§[1—(x +y9)] ° then
Oy =_X!gy =—Y, 0« =_1’gyy :_1igxy =gyx =0
X2 +y?
do, =—dy/\91+dX/\02+TdX/\dy

—dy A 6, +dx A 6, :gdx/\dyz?dx/\dy

2 2 2 2
da)zz[l—(x +y )3+(x +y )dX/\dydeAzdy
g g
Since 6’1/\5’22% » we rewrite da)zz—dxé\zdy (7

dw, =K@, A6, thus K=-1
12— hyperbolic plane

Poincare disk model

In two dimensions, with respect to these frames and the Levi-Civita connection, the connection forms
are given by the unique skew-symmetric matrix of 1-forms w that is torsion-free, i.e., that satisfies the

matrix equation 0 = df + w A 8. Solving this equation for w yields

w_2(ydw—wdy)(0 1)
1—|x* \-1 0/

where the curvature matrix is

—ddx A d
ﬂ—derw/\w—derO—#( 0 l).

242 —
(1 — x| ) 1 0
Therefore, the curvature of the hyperbolic disk is

K = 0l(er,e) = 1.



