1. r=1+cosé is a cardioid(/MiE&R) o At the point (r,8) =(2,0) >
(1) find the curvature
The formula for curvature in polar coordinates is :
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or K =——75 where X(t)=(x(t),y(t),z(t)) -2 then K:‘d_T‘

Now that X = ((1+cos@)cosé,(1+cosé)sinb)

X = (—=sin@—sin 26,cos & +cos 26)

X = (—cos@—2cos 26,—sin & —2sin 260)

6=0 x=.=2=3
8 4

(2) If we consider this cardioid as a surface of revolution about z-axis * find the
Gaussian curvature K
X =rc0sd =cosd(l+cosb)
y=rsin@ =sin d(1+ cos )
If we consider this cardioid as a surface of revolution about z-axis > then its embedding in
R® is given by
X (0, ¢) = ((1+cosO)cos ¢, (L+cosd)sin ¢, 0)
Where 6 is the parameter from the polar equatio * ¢ 1s the revolution angle around
the z-axis °
det(Il)
det(l)

The Gaussian curvature 1s given by K = » K(2,0)=0



x? y? Z? . o .
2. §+yT+T =1 1san ellipsoid ° At the point (x,y,z)=(3,0,0) > Gauss curvature K=

2

.. X z
For a general ellipsoid of the form Yl + E)/_Z + = =1
. . L , eg—f°
The Gaussian curvature at point (X,, Y, Z,) 1s givenby : K= o

The implicit surface formula for Gaussian curvature -
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1. Parametrization of the Ellipsoid:

The ellipsoid can be parametrized using modified spherical coordinates:
r(6,¢) = (3sin¢cos b, 2sin ¢sin b, cos ¢)

The point (3,0,0) corresponds to § = 0 and ¢ = 3.



2. First Fundamental Form:

Compute the partial derivativesry andrg at @ = 0 and ¢ = 3:

rp = (0,2’0), ry = (0,07—1)
Coefficients of the first fundamental form:
EFE=4, F=0, G=1
The determinant EG — F2 =4 x1—-0 = 4.

3. Second Fundamental Form:

Compute the second partial derivatives and the unit normal vector:
Tpg — (—37 U', U) l‘9¢', = (0, U: O), I‘qg,(;', = (—3, 0, 0)

The unit normal vector N is (—1, 0, 0).

Coefficients of the second fundamental form:

L=3, M=0, N=3
The determinant LN — M?>=3x3—-0=09.
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3. Tiy=x* isaparabola » ds=+/dx*+dy®> - x is the curvature * then L xds =

v’ \ 2

K 1sginvenby x=——— > y"'=2» x=—
Ben oy K= iy Y (L+ 4x0)2

ds = v/1+ 4x*dx

xds = A1+4x2dx =

I (1+4x )3’2 I +4x

Note that J —X:ltan‘15 » we obtain I 2 i = tan~*(2x)
a’+x* a a 1+4x?

j_w kds=7x

The total curvature of the parabola is _[r xds =r

2
4, 7= " +vy® is an elliptic parabolid ° x-y+2z=4 intesects this paraboloid in a planar
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curve At the point (2,0,1) » the curvature K= ? K= 229

Answer by DeepSeek

Parametrize the Curve: Substitute z = %2 + 7% into the plane equation z — y + 22 = 4:
o Simplify to get the quadratic equation: ”’—; + 2y2 +x—y=4

(@+1)* | (y-1/4° _
37/4 + y37/16 =1

Complete the square to identify the ellipse:

Parametrization: Use the standard parametrization of an ellipse:
o= -1+ @0039
oYy = %1 + @sing
2
2
2=ty

4. Find 8 Corresponding to the Point: Solve for 8 at (2,0, 1):

6 3 S
ﬁandsm&’— Nk

5. Compute Derivatives: Calculate the first and second derivatives of the parametrization with

cosf =

respect to 6.

6. Cross Product and Magnitude: Use the curvature formula for a 3D curve:

. |l‘r><l‘H|
- ‘I.r|3

Compute the cross product and its magnitude, then the magnitude of the first derivative

vector.

7. Final Calculation: Substitute the values into the curvature formula:

o x| = 24/6
o |r'| = Y1

3 3/2
B = (@) _ 118

37
STRAY 3766
— Y2 _ o«
> Curvature K 32 542
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Answer by ChatGPT

The given equations are:



The curve lies at the intersection of these two surfaces. We take the gradients of the surfaces to

find their normal vectors.

Compute VS; (Gradient of S;)
Vs = (52 501) = (5.201)

At(2,0,1) VS,(2,0,1) = (1,0,~1)

Rewriting S» as:

g(z,y,z) =z —y+22—4=0
VS =(1,-1,2)
At (2,0,1):
VS (2,0,1) =(1,-1,2)

The tangent direction to the intersection curve is given by the cross product:

T=VS5 xVS,
Computing the determinant:
i ] k
T=/1 0 -1
1 -1 2
:(_17_17_1>
Curvature is given by:
~ |dT/ds
| ds

k=0

5. Cone C ={(x, Y, z)‘x2 +y’ = zz} » E:x—2y+3z=4 » C~Eis a conic section ©
At (x,y,2)= (-3,4,5) » the curvature k=9
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