§ Ffufsy N
M.P.do Carmo
Differential Geometry of Curves and Surfaces p.213
When two differentiable functions f,g:U < R* - R satisfy the Cauchy Riemann
equations ﬂ = é_gg = _6_g ’
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They are easily seen to be harmonic ; in this situation * f and g are said to be harmonic
conjugate °
Let x and y be 1sothermal parametrizations of minimal surfaces such that their component
functions are pairwise harmonic conjugate > then x and y are called conjugate minimal
surfaces ° Prove that
1. The helicoid and the catenoid are congugate minimal surfaces
2. Given two conjugate minimal surfaces family » x and y  the surface
z=(cost)x+(sint)y ---(*)is again minimal for all teR
3. All surfaces of one-parameter family (*) have the same fundamental form -
E=<X,,%X,>=<V,Y,>F=0G=<X,X,>=<VY,,Y, >
Thus > any two conjugate minimal surfaces can be joined through a one-paraeter
family of minimal surfaces > and the first fundamental of this family is independent of
to
X=X(u,v) is said to be isothermal(ZH) - if <X, X, >=<X,, X, > and
<X, X,>=0 p.201

1. X(u,v)=(acoshvcosu,acoshvsinu,av)
Y(u,v)=(asinhvcosu,asinhvsinu,au)

Let f(u,v)=acoshvsinu,g(u,v)=asinhvcosu

Then ﬂ =acoshvcosu = ) J ﬁ =asinhvsinu = )
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2. Z=(cost)X +(sint)Y - HI

Z, =(cost) X, + (sint)Y,

Z, = (cost) X, +(sint)Y,

(Z,,Z,)=(cos’t)(X,, X, )+ (sin*t)(Y,,Y,)+2sintcost (X,,Y,)
<Z,Z,>=cos’t< X, X, >+sin’t<VY,,Y, > +2sintcost < X,,Y, >
Hr <XU,YU>=<YV,YU>=0 yHI T harmonic conjugate & & isothermal

AR - S EIEE (X, X)) =(Y,Y,) o BB



(Z4,Z,)=(cos®t)(X,, X, )+ (sin’t)(Y,,Y,) = (cos’t)(Y,,Y, )+ (sin*t)(Y,,Y, )
= (cos®t+sin®t)(Y,,Y,) =(Y,.Y,)

Independent of t
It is easy to check that Z,, +Z, =0

The catenoid 1s locally 1sometric to the helicoid = P.221
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