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1. Hairy ball theorem : There does not exist a non-vanishing continuous tangent

vector field X on a sphere S?
2. The Poincare-Hopf index theorem
Let X be a differentiable tangent vector field on a compact surface S which has

only finitely many isolated singular points p,,..., p, ° Then Zu(pi) = x(S)

u(p) isthe index of singular point p -

3. Jacobi £

4. —{E1E dhZRAY S & (compact) f i B EK i [E] AR

5. TRE—ENMGE=AE AHE=AEM=1)=r ifK=0Q2)>z ifK>0(@3)<r
if K<O

§05 I
1 B—EFE LAY - K=0 - [EIFU)4E AT -
2. PH{E=a HYEKTH, I E FERLAVEESE= - RIEREEH—E C - P2 C L

KKy (P)= oo (1 == 07) RNE S


https://www2.math.upenn.edu/~pjmcgrat/research/hairy-ball.pdf
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X (8, p) =[acoscos p,acosdsin @, asin d]
X, =[-asindcos ¢,—asin #sin ¢,acos o]

X, =[-acos@sing,acosdcosg,0]
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Consider a polar cap S on a round sphere of radius 1 -
Then Area S=

AreaS = [, 2xsin® dO = 2w (1 — cos9),
hence Js K d(area) = 1 x AreaS = 27 (1 — cos0).
The curvature K of S = l/radius = 1/sin0.

The geodesic curvature K, of 0S is cos0/sin®, hence
Jos kg ds = kg x length(AS)
= (cos0/sinB) 2w sin® = 2mwcosO .
Therefore
Js K d(area) + [z kg ds = 2 (1 — cosB) + 2mwcosO
= 2t = 2ny(S).
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§ Gaussian Curvature of a Torus

Example 4.2. A torus T is created by rotating a radius r circle around a straight
line distance a (a > r) away. Consider a particular parametrization (Figure 5):
x(u,v) = ([a + reos(u)]cos(v), [a + rcos(u)|sin(v), rsin(u)) where u,v € (0,27)

X, = (—rsin u)(os v), —?“sm(u)si:ra,(-v)._rcos(u]]
X, = (—[a + reos(u)]sin(v), [a + rcos(u)]cos(v), 0)
Xuu = (—rcos(u)cos(v), —T(Jos(u)sin b) —rsin(u))
Xyp = (T%n(u]szn v), —rsin(u)cos(v U)

Xpw = (—[a + reos(u)]cos(v), —[a + rcos(u)]sin(v),0)

As aresult, E = (x,,x,) =72, F = (x,,%X,) =0, G = (x,,%,) = [a + rcos(u)]?.
- (Au x’u> = (Nu xuu}
X, N\ Xy
o Xuu
Xy A Xyl
dEt(x’u: Xy xut-')
VEG - F?
rZ[a + rcos(u)]

rla + rcos(u)]
=r



https://blog.udn.com/zen2020/166193689
https://kknews.cc/zh-tw/n/mrazklp.html
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Similarly, f =0, g = cos(u)[a + rcos(u)]. Therefore,

P — f? _ cos(u)
EG—F? rla+rcos(u)]’
As Figure 6 below illustrates, the torus T can be divided into 3 parts by the
signs of the Gaussian curvature:
1. K >0 when u € (U,%) Oru,E( T 27r)
2. K=0whenu= 3 oru=3m

3. K <0 whenue€e (% %?T)

Rotation
axis

Generating
cirele

Theorem 6.7 (The Global Gauss-Bonnet Theorem).

Let R C S be a regular region of an oriented surface and let C1, ..., Cy, be the closed,
simple, piecewise reqular curves which form the boundary R of R. Suppose that
each C; is positively oriented and let 0y, ...0,, be the set of all external angles of the
curves Cy., ...,C,,. Then

2/;; kg(é')ds-l-]/R Kda+§91 = 27x(R)

where s is the arc length of C;, and the integral over C; means the sum of integrals
in every reqular arc of C;.
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